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Poisson Summation Formula :

For feS(R") (Schwartz space)
↳ f(n) = Si f(m)
neTIl mea

where # (3) = S f(x) =nix de

PP : (for d = 1) Let F(u) : = &flutn).
neTL

· F is p-periodic ,
and smooth

, (say , (2)
· Fourier series converges uniformly :

~ ziiXM

F(x) = Siam e and :
AC TL

- zimX

am = !'F(x)e dX

o deayoto
I

- 2M : MX

of = S(f(x+ u)e dX
net

o

= ESf(x e
- cim(x+ n)dx = f(m)
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If(x))(1 + (x))

Remarks : · Suffice to assume 15 (g) (2 (1+ 131)
- a

· Extends to lattices : and

] [r)Y
r
*
= [meR" : < m

,
n > el EneW3 .

Applications :
- rmt

.(1) Theta function OCt) :=Se to
We have :

1

exp) - ma- (b)= exp)-3)
=

O(t) = =O(t) .

In particular , since OIs) Ea we get

O (t) -t ++ot



Whittaker-Shannon 3

② Sampling Thm : Let feL" (1) ,

Then: set(f) c[-E , t]
sin (MIx-K)) "band-limited"

f(x) = &f R(x - k)

=

sin(ree [1-pk) ,

in E
M

KETL

If: We have :

(2) = (F(s +m)) (c - +, = j (3)

(PSE)= 1c.] F(m) edrig

Using Inversion
,
we get

f(x)ES exa,zai e
"
=

"

Alm) ezig(x
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How to justify
"
=

" ?

12
N->

I (513) - F Pimlezoism and- O

- 42

By L-convergence of Fourier series ·

In particular :
Sin (Mo -m))

Ilf-new firs
tms 1/2 (82)

↳ 11/ (8131 - En fimleismy zis dellIMIEN

Parseval
2

=>S1c]((3-Efimlem/d
IMIEN

Remarks :

· Can prove load not convergence. in I.

Hint : use smooth cut-off of 12- :*7
· PW := &FeLR) 1 set(f) CC-Y , Y]3 is

closed sub-space of EIP)
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· closed③ Minkowski's Thm : KC M - convex

· symmetric K =*K
.

If Vol(K) => twe 1403 s .t weK
.

(This is sharp Ke = [l-s ,Hef")

Pf : Let f = PK . It is even and real
A

= f is even and real.

By PSF :

2"[(f* f)(2n) = IF (
neTa me

Suppose that for some net?,

o + (f-f)(2n) = ( 1k(2n -x)p(X)dxK

then for someRea we have :

2n-X
.,
YeK =) (2n -X) + Ex k

= net

By assumption ,
no

->



6

LHS of() = 2" · ( *f) (0) = 22 S d

= 2. Vol (k)
.

On the RHS :

& (e) = Voelk) 2

S
PSF

= o s & f(x+ 2n) is const .
n = x9

but f(0) = 1 andP

vanish at absest integer
pt .

We get from (* 1 :

d

Vol(k) < 2

Remark : We cheated !-S(P)
correct via approximations....
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Wintinger's inequality : Let fec'Cori]·

· flo) = f(i), + =0 = *Sift
· f(0) = +(i) = o = S- 'It'

[Both are sharp : sinina)
, sinlie)]

9 For thefirst inequality ,
reculd that :

d

· f (n) = Kain) . &(n) (IBP)

Since110) = !F = 0
,

Parseval formula :

Gipp = Simil =Sinn+0

->ch=
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For the second ineg. , extend & to an odd

2 - periodic func . F
, g(t) = [12t) ·

Apply prev , ineg .
and get :

P

unir = unfigh = Ig= 710 ?

Stable Wintingen : fe("[a , b]
,
230

.

1 - (H2)(glop
a

+ (1 + 2) (b -a) ((f(a) 1f(b)(2)
.

If :


