On discrete, continuous and arithmetic aspects of

Fourier uncertainty

Alex losevich

September 2024: LMS-Lecture Series in Ukraine

Alex losevich (University of Rochester )  On discrete, continuous and arithmetic aspect 1 /85



@ This talk is dedicated to the memory of Yuliia Zdanovska and other
victims of the ongoing Russian invasion of Ukraine.
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Restriction Conjecture

(Restriction conjecture) The restriction conjecture says that if S9! is the
unit sphere, then

1

(/Sd_l I?(ﬁ)lrdas()ﬁ)>1 < Cp7r</Rd |f(x)|pdx>p

L2 _d-1,
P=dx1 "= adx1?

where p’ is the conjugate exponent to p.

whenever
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Restriction Conjecture

(Restriction conjecture) The restriction conjecture says that if S9! is the
unit sphere, then

1

(/sd-1 If(f)lrdas()i)>1 < Cm(/Rd |f(x)|pdx>p

L2 _d-1,
P=dx1 "= adx1?

where p’ is the conjugate exponent to p.

whenever

°

@ This conjecture is solved in two dimensions and in spite of a lot of
brilliant work by Bourgain, Guth, Ou, Stein, Tao, Tomas, Wang and
many others, the problem is still open in higher dimensions.
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A signal recovery perspective on restriction

e Suppose that A is a compact set in RY, d > 2, |A| > 0, and 14(¢) is
known except for £ € S%, the annulus of radius 1 and thickness §
(small). Can we recover 14(x) exactly?
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A signal recovery perspective on restriction

o Suppose that A is a compact set in R?, d > 2, |A| > 0, and 14(¢) is
known except for £ € S%, the annulus of radius 1 and thickness §
(small). Can we recover 14(x) exactly?

@ We have

La(x) = / 27T 5(€)de
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A signal recovery perspective on restriction

o Suppose that A is a compact set in R?, d > 2, |A| > 0, and 14(¢) is
known except for £ € S%, the annulus of radius 1 and thickness §
(small). Can we recover 14(x) exactly?

@ We have

1a(x) = / 27T 5(€) d

:/5;55—1—/5655 = I(x) + I(x).
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A signal recovery perspective on restriction

o Suppose that A is a compact set in R?, d > 2, |A| > 0, and 14(¢) is
known except for £ € S%, the annulus of radius 1 and thickness §
(small). Can we recover 14(x) exactly?

@ We have

1a(x) = / 27T 5(€) d

:/€¢56+/§655 = I(x) + 11().

@ By assumption, we have no information about //(x), so we must
estimate it and hope for the best.
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Applying the conjectured restriction inequality

e By Holder, if the restriction theorem holds with exponents (p, r), then

1
1 ~ r r 1
161 <15°1 (g [ A dE)” < Cor15°] 141,
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Applying the conjectured restriction inequality

e By Holder, if the restriction theorem holds with exponents (p, r), then

1
1 ~ r r 1
1601 <15°1 (557 [ MO de)” < Cor-15°] 141

@ If the right hand side is < % i.e if |A| < 0P with suitable constants,
then we can take the modulus of /(x) and round it up to 1, or down
to 0, whichever is closer, and thus recover 14(x) is exactly.
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Applying the conjectured restriction inequality

e By Holder, if the restriction theorem holds with exponents (p, r), then

1
1 ~ r r 1
1601 <15°1 (557 [ MO de)” < Cor-15°] 141

o If the right hand side is < 3, i.e if |A| < 6P with suitable constants,
then we can take the modulus of /(x) and round it up to 1, or down
to 0, whichever is closer, and thus recover 14(x) is exactly.

@ For any r, the restriction theorem always holds for p = 1, but
according to the restriction conjecture, it holds for any

- 2d
P d+1’

which gives us a much less stringent recovery condition.
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Finite Signals and Discrete Fourier transform

e Let f be a signal of finite length, i.e f : Z$, — C.
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Finite Signals and Discrete Fourier transform

o Let f be a signal of finite length, i.e f: ZX, — C.

@ Suppose that the Fourier transform of f is transmitted, where

Flm)=N"2 3" x(—x-m)f(x); x(t) = e .
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Finite Signals and Discrete Fourier transform

o Let f be a signal of finite length, i.e f: ZX, — C.

@ Suppose that the Fourier transform of f is transmitted, where

Flm)=N"2 " x(—x-m)f(x); x(t) =¥

d
x€EZLY,

@ Fourier Inversion says that we can recover the signal by using the
Fourier inversion:

Fx)=N"2 3" x(x-m)f(m).

d
mezy,
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Exact recovery problem

@ The basic question is, can we recover f exactly from its discrete
Fourier transforms if

{F(m):me s}

are unobserved (or missing due to noise, other interference, or
security), for some S C Z§,?
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Exact recovery problem

@ The basic question is, can we recover f exactly from its discrete
Fourier transforms if

{f(m) 'me 5}

are unobserved (or missing due to noise, other interference, or
security), for some S C Z§,?

@ The answer turns out to be if f is supported in E C Z¢,, and

Nd
E|- =
E1181 < -

with the main tool being the Fourier Uncertainty Principle.
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Fourier Inversion and Plancherel

e Given f : Z% — C, we shall use the following two formulas repeatedly:
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Fourier Inversion and Plancherel

@ Given f: Z‘f\', — C, we shall use the following two formulas repeatedly:

o (Fourier Inversion)

and

Alex losevich (University of Rochester ) On discrete, continuous and arithmetic aspect 8 /85



Fourier Inversion and Plancherel

@ Given f: Z‘f\', — C, we shall use the following two formulas repeatedly:

o (Fourier Inversion)

and

e (Plancherel)

Alex losevich (University of Rochester ) On discrete, continuous and arithmetic aspect 8 /85



Proof of Fourier Inversion

@ We have ,
2

> x(x- m)f(m)

d
meZy,

N-
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Proof of Fourier Inversion

@ We have

N2 S x(x - m)f(m)

d
meZy,

— N$ 3 X(x - m)N~% > x(=y - m)f(y)

d d
mezy, YELY,
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Proof of Fourier Inversion

e We have ; R
N2 S x(x- m)f(m)
mezg,
° d d
=N72 ) xCemNTE Y x(—y - m)f(y)
meZg, yEZS,
4

= > FONT D x((x—y) m)=f(x)
YELS, meZg,
by orthogonality.
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Proof of Plancherel

@ We have
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Proof of Plancherel

@ We have

S |F(m)[?

d
mezy,

=Y NN x((x—y) - mF()f(y)

mezg, x,y€ZY,
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Proof of Plancherel

@ We have R 5
> 1F(m)]
mGZ%
=Y N x((x—y) - mF()f(y)
mEZ‘,{I X,yEZ‘,{/

= > N D x((x—y)-m)

x,yGZ% mGZ%
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Proof of Plancherel

o We have R 5
> 1F(m)]
mGZﬁ,
=Y N x((x—y) - mF()f(y)
mEZ‘KI X,yEZ‘,{/
= > FFMNT D x((x—y)-m)
x,yGZ% mGZ%
=D IFI%
XGZ%
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A few simple calculations: the paraboloid

@ Let N be an odd prime and define

P:{XEZ%:Xd:X12+---+X§71}.

We have .,
Ip(m)=N"2 > x(—y-m +|yllmqg),
yEZj’\fl

where
Il =yi+yvi++yj1
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Paraboloid (continued)

@ Suppose that mg = 0 and m’ # 0. Then

Ip(m',0)=N"2 3 x(~y-m)=0.

d—1
yEZN
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Paraboloid (continued)

@ Suppose that mg = 0 and m’ # 0. Then

—~ d
1p(m,0)=N"2 Y x(—y-m)=0.
yEZ‘,ZI'1

@ If my # 0, let's consider the case m" = 0. We obtain

S x(=mallyll).

d—1
YEZLy,

_d
2

N

which is a product of sums of the form
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Paraboloid (continued)

@ Suppose that mg = 0 and m’ # 0. Then

—~ d
1p(m,0)=N"2 Y x(—y-m)=0.
yEZ‘,ZI'1

o If my # 0, let's consider the case m’ = 0. We obtain

N2 ST x(—mallyl)),

d—1
YEZy,

which is a product of sums of the form

g(a) = Z x(at?), the classical Gauss sum.
tely
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Gauss sum estimation

@ Suppose that N is an odd prime and a # 0. We have

g(a)l> = x(a(t* = %) =) x(ats)
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Gauss sum estimation

@ Suppose that N is an odd prime and a # 0. We have

g(a)? Zx(a(t —s%)) =) _x(ats)

= > x(au) =) x(au)n(u)

u ts=u

where
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Gauss sum estimation

@ Suppose that N is an odd prime and a # 0. We have

g(a)? Zx(a(t —s%)) =) _x(ats)

= > x(au) =) x(au)n(u)

u ts=u
where

n(u) = |{(t,s) : ts = u}|.
e It is not difficult to see that n(0) = 2N — 1 and N — 1 otherwise, so

lg(a)* =2N =1+ (N —1)) " x(av)
u#0

N=1)3" v(au) =
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Back to the paraboloid

o It follows that if a # 0,

Going back to the paraboloid and N is an odd prime, we see that if
ln’::O,nw #:Q

~ _d
Im(0,....0,mg) = N72 > x(mallyl])

d—1
meZy,

— NSV T = Nl
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Back to the paraboloid

o It follows that if a # 0,

g(a)l = V.

Going back to the paraboloid and N is an odd prime, we see that if
m = 0, my 7£ 0,

~ _d
[Tm(0,...,0,mg)| = N"2 >~ x(mallyll)

mEZ‘Kfl

— NS (VN = v

@ If my #20and m" # (0,...,0), we can complete the square and
obtain the same bound, i.e

1

Tp(m) = N2,
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The sphere: life becomes much more interesting!

o Let

S={xe€Z§:x}+x3+--+x3 =1}, N odd prime.
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The sphere: life becomes much more interesting!

o Let

S={xeZ:x}+x2+ - +x3=1},N odd prime.

@ Suppose that m # 0. We have

Ts(m) = N72 3 x(=x-mN"2 S x(s(/Ix]| - 1))
X s#0

Alex losevich (University of Rochester ) On discrete, continuous and arithmetic aspect 15 /85



The sphere: life becomes much more interesting!

o Let

S={xeZ:x}+x2+ - +x3=1},N odd prime.

@ Suppose that m £ 0. We have

Ts(m) = N2 3 x(—x- mN~ S x(s(/Ix]| - 1))
X s#0

@ Since
¢ — ximj = s(xf = xjm;/s) = s(x; — m;/2s)* — m /4s°),

we can change variables above and arrive at

Alex losevich (University of Rochester ) On discrete, continuous and arithmetic aspect 15 /85



The sphere: life becomes much more interesting!

o Let

S={xeZ:x}+x2+ - +x3=1},N odd prime.

@ Suppose that m £ 0. We have

= N2> x(—x - mNTEY x(s(lIx]] — 1).

s#0

@ Since
2
sxj2 —Xxjmj = s(xj2 — xJ-mj/s) = s(><j — mj/25) — mjg/4s2),

we can change variables above and arrive at

NTETES TS Xl (=s)x(—Im]l /4s).

s#0 XEZd
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The sphere (continued)

@ Using the Gauss sum identity we obtain a few minutes ago, the
expression above equals

N7EY A% (s)x(—s — [Im]|/4s),
s#0

where
v(s)| = 1.
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The sphere (continued)

@ Using the Gauss sum identity we obtain a few minutes ago, the
expression above equals

N7EY 79 (s)x(—s — [Imll/4s),
s#0

where
v(s)| = 1.

@ The "innocent” looking expression above is a twisted Kloosterman
sum. Its modulus is bounded by 2v/N. The proof of this fact is very
sophisticated and uses highly non-trivial number theory.
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The sphere (continued)

@ Using the Gauss sum identity we obtain a few minutes ago, the
expression above equals

N7EY 79 (s)x(—s — [Imll/4s),
s#0

where
v(s)| = 1.

@ The "innocent” looking expression above is a twisted Kloosterman
sum. Its modulus is bounded by 2v/N. The proof of this fact is very
sophisticated and uses highly non-trivial number theory.

@ In conclusion, if m # 0,

[Ts(m)| < CN™z.
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The square root law

@ In both the case of the sphere and the paraboloid, we established an
estimate of the form

[1s(m)| < CN_g]5|%, m # 0, N odd prime.
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The square root law

@ In both the case of the sphere and the paraboloid, we established an
estimate of the form

Ts(m)| < CN_%|S|%, m # 0, N odd prime.

@ This estimate is an example of the so-called "square root law” for
exponential sums. A better estimate (up to a constant) is not
possible because of Plancherel.
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The square root law

@ In both the case of the sphere and the paraboloid, we established an
estimate of the form

Ts(m)| < CN_%|S|%, m # 0, N odd prime.

@ This estimate is an example of the so-called "square root law” for
exponential sums. A better estimate (up to a constant) is not
possible because of Plancherel.

@ An interesting situation arises if we ask whether such estimate can
ever hold in a non-field setting. The is where we now (briefly) turn
our attention.
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From Fourier decay to additive energy

@ Suppose that S satisfies

d
2

’TS(mN < CrourierN™ 2 - ‘5‘% for m 7§ 0.
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From Fourier decay to additive energy

@ Suppose that S satisfies

’/1\5(”7)| < CrourierN % ‘5‘2 for m#0.

e We have ) ﬁs(m)]4 =

=N > N x(m- (x+y = X = y)1s(x)1s(y)1s(x)1s(y')

/
Xy, Xy - m
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From Fourier decay to additive energy

@ Suppose that S satisfies

’/1\5(”7)’ < CrourierN % ‘5‘2 for m#0.

o We have 3, [Ts(m)|" =

=N 37 S x(me (x+y = X = y)1s(x)1s(y)1s(x)1s(y)

/
XY, XY m

=N"9{(x,y,x,y)€S* i x+y=x+y} =NINS), ie
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From Fourier decay to additive energy

@ Suppose that S satisfies

’/1\5(”7)’ < CrourierN % ‘5‘2 for m#0.

e We have > ﬁs(m)]4 =
=N 37 S x(me (x+y = X = y)1s(x)1s(y)1s(x)1s(y)

/
XY, XY m

=N"{(x,y,x,y)€S* i x+y=x+y} =NINS), ie

A(S) = [{(x,y.xX,y) € S* ixty =X + ¥} = N [Ts(m)[*
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From Fourier decay to additive energy (continued)

@ By assumption, the right-hand side is bounded by
_ ~ 2
Nd'CI%ourier'N d|5|2|15(m)| :

z
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From Fourier decay to additive energy (continued)

@ By assumption, the right-hand side is bounded by
_ ~ 2
Nd'CI%ourier'N d|S|Z|15(m)| :

z

@ By Plancherel, this expression equals
2 2
CFourier ’ ‘S’ )
from which we conclude that

AS) 2
’5|2 = “Fourier

Alex losevich (University of Rochester ) On discrete, continuous and arithmetic aspect 19 /85



An elementary point of view: setup

@ Suppose that £ C Z4, and f(x) = 1g(x), the indicator function of E.
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An elementary point of view: setup

o Suppose that £ C Z§, and f(x) = 1g(x), the indicator function of E.

@ Suppose that the Fourier transform E is transmitted, and the
frequencies in S C Z‘,{, are unobserved.
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An elementary point of view: setup

o Suppose that £ C Z§, and f(x) = 1g(x), the indicator function of E.

@ Suppose that the Fourier transform E is transmitted, and the
frequencies in S C Z‘,’\’, are unobserved.

e By Fourier Inversion,

Alex losevich (University of Rochester ) On discrete, continuous and arithmetic aspect 20 /85



An elementary point of view: setup

o Suppose that £ C Z§, and f(x) = 1g(x), the indicator function of E.

@ Suppose that the Fourier transform E is transmitted, and the
frequencies in S C Z‘,’\’, are unobserved.

e By Fourier Inversion,

1e(x) = N2 > x(x - m)ig(m)

d
mezy,

X m)Tg(m) + N72 Y x(x - m)1g(m)
m¢S meS

[SIISN

=N"

Alex losevich (University of Rochester ) On discrete, continuous and arithmetic aspect 20 /85



An elementary point of view: direct estimation

= I(x)+ 1l(x).
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An elementary point of view: direct estimation

= I(x) + (x).

@ By the triangle inequality,

(x)| < N~2-|S|-N~2 - |E] = N9 |E[ - |3].
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An elementary point of view: direct estimation

= I(x) + (x).

@ By the triangle inequality,

(x)| < N~2-|S|-N~2 - |E] = N9 || - |3].

@ Since we know nothing about S, the best we can do is assume that
the quantity above is small.
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An elementary point of view: rounding

o If
1

57
we can take the modulus of /(x) and round it up to 1 if it is > 3, and
round it down to O otherwise.

N=9E||S| <
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An elementary point of view: rounding

o If
1

57
we can take the modulus of /(x) and round it up to 1 if it is > % and
round it down to O otherwise.

N=9E||S| <

@ This gives us exact recovery using a simple and direct algorithm (to
be henceforth referred to as the Direct Rounding Algorithm (DRA)) if

Nd
E|l-|S —.
E1-15] <
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An elementary point of view: rounding

o If
1

57
we can take the modulus of /(x) and round it up to 1 if it is > % and
round it down to O otherwise.

N=9E||S| <

@ This gives us exact recovery using a simple and direct algorithm (to
be henceforth referred to as the Direct Rounding Algorithm (DRA)) if

Nd
E|l-|S| < —.
E]-1] <

@ But what happens if we consider general signals?
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Matolcsi-Szucks/ Donoho-Stark point of view

o Let h: Z% — C. Then the classical Uncertainty Principle says that

[supp(h)| - supp(h)| > N9
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Matolcsi-Szucks/ Donoho-Stark point of view

o Let h: Z‘,{, — C. Then the classical Uncertainty Principle says that

|supp(h)| - |supp(h)| > N°.

@ Suppose that f : Z% — C is supported in E C Z4,, with the
frequencies in S C Z¢, unobserved.
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Matolcsi-Szucks/ Donoho-Stark point of view

o Let h: Z‘,{, — C. Then the classical Uncertainty Principle says that

|supp(h)| - |supp(h)| > N°.

@ Suppose that f : Z% — C is supported in E C Z4,, with the
frequencies in S C Z¢, unobserved.

@ If f cannot be recovered uniquely, then there exists a signal
g : Z§ — C such that g also has |supp(f)| non-zero entries,

~

f(m)=g(m)form¢S§,

and f is not identically equal to g.
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Uncertainty Principle — Unique Recovery

o Let h=1f —g. Itis clear that h has at most |S| non-zero entries, and
h has at most 2|supp(f)| non-zero entries.
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Uncertainty Principle — Unique Recovery

o Let h=f —g. Itis clear that h has at most |S| non-zero entries, and
h has at most 2|supp(f)| non-zero entries.

@ By the Uncertainty Principle, we must have

Nd
[supp(f)] - [S] = =~
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Uncertainty Principle — Unique Recovery

o Let h=f —g. Itis clear that h has at most |S| non-zero entries, and
h has at most 2|supp(f)| non-zero entries.

@ By the Uncertainty Principle, we must have

Nd
[supp(f)] - |S] = —-

@ Therefore, if we assume that

Nd
supp(£) 18] < -

we must have h = 0, and hence the recovery is unique.
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The classical uncertainty principle is, in general, sharp

@ Let NV be an odd prime, and let S be a k-dimensional subspace of Z¢,,
1<k<d-1
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The classical uncertainty principle is, in general, sharp

o Let N be an odd prime, and let S be a k-dimensional subspace of Z¢,,
1<k<d-1

@ Then R .
1s(m) = N~27K1¢. (m).
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The classical uncertainty principle is, in general, sharp

o Let N be an odd prime, and let S be a k-dimensional subspace of Z¢,,
1<k<d-1

@ Then R .
1s(m) = N~21K1¢. (m).

e Since |S| - |S*| = N9, the classical uncertainty principle is sharp.
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The classical uncertainty principle is, in general, sharp

o Let N be an odd prime, and let S be a k-dimensional subspace of Z¢,,
1<k<d-1

@ Then R .
1s(m) = N~21K1¢. (m).

o Since |S| - |St| = N9, the classical uncertainty principle is sharp.

@ We are going to see that in the presence of non-trivial restriction
estimates, we can do much better. We are also going to see that
non-trivial restriction estimates "typically” hold.
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Proof of the classical uncertainty principle

@ We have

:7312 (x - m)h(m).
meS
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Proof of the classical uncertainty principle

@ We have

h(x) = N72 > x(x - m)h(m).
meS

@ By the triangle inequality,

()] < N~2-[S|-N72 - ST Jh(x)].

d
xELy
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Proof of the classical uncertainty principle

@ We have

h(x) = N72 > x(x - m)h(m).
meS

@ By the triangle inequality,

h(x)| < N5 -[S|- N5 37 [h(x)].

d
xELY

e Summing both sides over x € E and cancelling the L! norms of h on
both sides, we obtain
E|-[S| = N,
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Restriction theory enters the picture

e We say that S C Z¢ satisfies the (p, q) restriction estimate
(1 < p < q) with uniform constant C, ; > 0 if for any function

f:Zf\’,—HC,

(;Zﬁ(m)q) < GogN =2 Y IF()P

meS x€LS,
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Restriction theory enters the picture

o We say that S C Z¢ satisfies the (p, q) restriction estimate
(1 < p < q) with uniform constant C, ; > 0 if for any function

f:Z‘K,—>C,

<|s|Z|f ) scp,qN—?<Zf<x)|") .
meS x€ZS,

@ We have the following "universal” restriction theorem.

(A.l. and A. Mayeli) Let f : Z§, — C and let S be a subset of Z4,. Then

(X o) = ()7 (g 2) et

meS

3
s

(SIS
Wi

> If(x)

d
XEZLY,
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From restriction directly to uncertainty

@ Before proving the universal restricion theorem, we are going to
develop a simple mechanism for going directly from restriction to
uncertainty, where the more non-trivial the restriction estimate
becomes, the better uncertainty principle we obtain. More eleborate
versions of this approach will be developed a bit later.
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From restriction directly to uncertainty

@ Before proving the universal restricion theorem, we are going to
develop a simple mechanism for going directly from restriction to
uncertainty, where the more non-trivial the restriction estimate
becomes, the better uncertainty principle we obtain. More eleborate
versions of this approach will be developed a bit later.

Theorem ( Uncertainty Principle via Restriction Theory — A.l. &

A.Mayeli, 2023)

Suppose that f, £ Zﬂ, — C, with f supported in E C Z9,, and fF
supported in S C Zj’v. Suppose S satisfies the (p, q) restriction estimate

with norm C, 4. Then

1 Ne
Elr -|S| > —.
El5 151 > =

p,q
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Proof of Uncertainty via Restriction

@ Suppose that f is supported in a set E, and fis supported in a set S.
Then by the Fourier Inversion Formula and the support condition,

F)=N"2 > x(x-m)f(m)=N"2Y" x(x-m)F(m).

mezg, meS
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Proof of Uncertainty via Restriction

@ Suppose that f is supported in a set E, and fis supported in a set S.
Then by the Fourier Inversion Formula and the support condition,

F)=N"2 3 x(x-m)f(m)=N"%2" x(x-m)(m).

d
mezZg, meS

@ By Holder's inequality,

1

)l <Nt s <|5|ny >

meS
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Proof of Uncertainty via Restriction

@ Suppose that f is supported in a set E, and fis supported in a set S.
Then by the Fourier Inversion Formula and the support condition,

F)=N"2 3 x(x-m)f(m)=N"%2" x(x-m)(m).

d
mezZg, meS

@ By Holder's inequality,

FO)l < N2 | <|5| > [F(m )

meS

Q|

@ By the restriction bound assumption, this expression is bounded by

|5|'Cp,q'N7d' Z A1l I

d
XELY
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Proof of Uncertainty Principle via Restriction | (continued)

@ and by the support assumption, this quantity is equal to

S| Coq- N2 - (Zf(X)\p>p-

xeE

Alex losevich (University of Rochester ) On discrete, continuous and arithmetic aspect 30 /85



Proof of Uncertainty Principle via Restriction | (continued)

@ and by the support assumption, this quantity is equal to

S| Coq N2 (ZII‘(X)\”)p-

x€eE

@ Putting everything together, we see that

F() <[S] Cog- N7 (Z \f(X)V’>

xeE

T =
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Proof of Uncertainty Principle via Restriction | (continued)

@ and by the support assumption, this quantity is equal to

S| Coq N2 (ZII‘(X)\”)p-

x€eE

@ Putting everything together, we see that

FGOI <[] G- N9 (Z |f<x>l”> p'

xeE

@ Raising both sides to the power of p, summing over E, and dividing
both sides of the resulting inequality by >~ ¢ |f(x)|?, we obtain

d
S|P - |E|- CF 4> N°P.
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Proof of Uncertainty Principle via Restriction | (finale)

@ or, equivalently,

1
|Ele - |S| = —,
Cr.q

as desired.
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Proof of Uncertainty Principle via Restriction | (finale)

@ or, equivalently,

as desired.

@ This completes the proof of the Uncertainty Principle via Restriction
Theory.
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Proof of the universal restriction theorem

@ We have

STUFm)” =3 1s(m)F(m)g(m),

meS

where
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Proof of the universal restriction theorem

@ We have

ST Fm)” =3 1s(m)F(m)g(m),

meS

where

@ The expression above equals

Bl

D2 A0Tsa(6) < Ifl 35, | 3 15800

d
x€ELY,

Alex losevich (University of Rochester ) On discrete, continuous and arithmetic aspect 32 /85



Proof of the universal restriction theorem (continued)

@ We have

S s

d
XELY,
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Proof of the universal restriction theorem (continued)

@ We have

S isg()|

d
xELY,

=N N g(me(Ne(m)e(!)> x((m+1—m —T)-x)

m,l,m’,I'eS
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Proof of the universal restriction theorem (continued)

@ We have

S isg()|

d
xELY,

=N Y g(m)eg(Ne(m)e(l) Y x((m+1—m' —1I)-x)

m,I,m',I’'eS

=N > g(m)g(Ng(m)g (/")

m+I=m'+1";m,I,m’' I'eS
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Proof of the universal restriction theorem (continued)

@ The quantity above is bounded by

)
d 4
VR e Ellee
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Proof of the universal restriction theorem (continued)

@ The quantity above is bounded by

A
N~ max ((12
ucs |U|

4
Vlel 2.

@ This is clear if g is an indicator function, and it holds in general by
writing a function as a linear combination of indicator functions.
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Proof of the universal restriction theorem (continued)

@ The quantity above is bounded by

A
N~ max ((12
ucs |U|

4
Vlel 2.

@ This is clear if g is an indicator function, and it holds in general by
writing a function as a linear combination of indicator functions.

o It follows that

Bl

1
— 4 _d AU)\ *
S itsaelt | <vt (g B ) ey

d
XEZLY,
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Proof of the universal restriction theorem (continued)

@ Putting everything together, we see that

i 1
1 2\’ _d AU\* 1
<SZ|f(m) ) <N 4([‘3&3)5( |U2> ‘S‘ 2HfHL%(Z‘KI)

meS
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Proof of the universal restriction theorem (continued)

@ Putting everything together, we see that

1 1
1 ~ 2\’ _d AU)N * _1
il E < . . .
(‘Sl |f(m)’ > — N~ <r(?Ca)5( |U’2 > |5’ 2 HfHL%(Z‘K,)

meS

Blw

Nl
[SIISN

RIOIE

d
xELY,

&

1
. <max /\(U2))4 -NT
ucs |U|
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Proof of the universal restriction theorem (continued)

@ Putting everything together, we see that

1 1
1 ~ 2\’ _d AU)N * _1
il E < . . .
(‘S' |f(m)’ > —N 4 <r&1&3)5( |U’2> |5’ 2 HfHL%(Z‘K,)

meS

N =

£

@ This completes the proof of the universal restriction theorem.

AUNG .\
(o)t (2 )

d
xEZLY,
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An additive energy uncertainty principle

@ It would be very convenient to work out a version of the additive
energy uncertainty principle purely in terms of the additive energy of
E = supp(f) and S = supp(f). This is where we not turn our
attention.
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An additive energy uncertainty principle

o It would be very convenient to work out a version of the additive
energy uncertainty principle purely in terms of the additive energy of
E = supp(f) and S = supp(f). This is where we not turn our
attention.

(K. Aldahleh, A. losevich, J. losevich, J. Jaimangal, A. Mayeli, and S.

~

Pack) Let f : Z4, — C with supp(f) = E and supp(f) = S. Then for any
a € ]0,1],

11—«

MY < AS(E)N'S®(S)IE[IS".
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Proof of the additive energy uncertainty principle

@ We have
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Proof of the additive energy uncertainty principle

@ We have

@ It follows that
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Proof of the additive energy uncertainty principle

(continued)

@ We have

S F(m)[*

meS

= N2 Z Z X((x+y—x —y) - mf()f(y)f(X)(y)

mezg, x.y.x"y' €E
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Proof of the additive energy uncertainty principle

(continued)

@ We have

S F(m)l*

meS

=N Y Xx+y =X —y) - mf)F()F(X)F(Y)

meZ% X7y7X/7y/€E

A SR 57 0V )

xty=x'"+y"x,y.x"y'€E
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Proof of the additive energy uncertainty principle

(continued)

@ We have

S F(m)l*

meS

=N Y Xx+y =X —y) - mf)F()F(X)F(Y)

meZ% X7y7X/7y/€E

=N"? > FOFFOF(Y)

xty=x"+y";x,y.x".y'€E

< N7 NE) - [|F[[ oo )-
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Proof of the additive energy uncertainty principle

(continued)

o Putting everything together, we see that

FO) < N2 [S]F - N5 AZ(E) - [|F]| oo )
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Proof of the additive energy uncertainty principle

(continued)

o Putting everything together, we see that

_d 3 _d 1
O] < N5 -1SIE - N3 AS(E) - [1F]] oo,

e Taking the maximum over x € E and cancelling the L>°(E) norms, we

obtain
3d
4

N% < A(E)-|S|A.
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Proof of the additive energy uncertainty principle

(continued)

o Putting everything together, we see that

_d 3 _d 1
O] < N5 -1SIE - N3 AS(E) - [1F]] oo,

e Taking the maximum over x € E and cancelling the L>°(E) norms, we

obtain
3d
4

N¥ < Ai(E)-|S]3.

o Equivalently,

W=

Nd

IN

A3 (E) - 1S].
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Proof of the additive energy uncertainty principle

(continued)

o Putting everything together, we see that

_d 3 _d 1
O] < N5 -1SIE - N3 AS(E) - [1F]] oo,

e Taking the maximum over x € E and cancelling the L>°(E) norms, we

obtain
3d
4

N¥ < Ai(E)-|S]3.

o Equivalently,

Wi

Nd

IN

A3 (E)-1S].

@ Reversing the roles of E and S, we obtain

N9 < A%(S) - |E|, which completes the proof.
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Bourgain’s A, theorem - general formulation

@ Jean Bourgain proved that if G is a locally compact abelian group,
}1,...,¢n are orthogonal functions with |[¢;|| , < 1, the for a generic

2
set S C {1,2,...,n} of size = n3a, g > 2,

Sas||  <cla)- (ZW) ,
L9(G)

icS

ieS

where C(q) depends only on gq.
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Bourgain's A, theorem - general formulation

@ Jean Bourgain proved that if G is a locally compact abelian group,
}1,...,¢n are orthogonal functions with |[¢;|| < 1, the for a generic

2
set S C {1,2,...,n} of size = na, g > 2,

< C(q)- (ZW) ,

ieS

Z a;jp;

1)

Li(G)

where C(q) depends only on q.

@ As we shall see, this result has a beautiful built-in uncertainty
principle.
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Bourgain's A, theorem

@ It is a consequence of Bourgain's celebrated Ay theorem in locally
compact abelian groups that if f : Zj\j, — C and f is supported in S,

2d
then for a "generic” set of size &~ N7, 2 < g < o0,

1 1
q 2

T SR | < Ke(S) | g S0 1R

d d
XELY, XELY,

with K4(S) independent of N.
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Bourgain's A, theorem

@ It is a consequence of Bourgain's celebrated Ay theorem in locally
compact abelian groups that if f : Z‘,{, — C and f is supported in S,

2d
then for a "generic” set of size & Na, 2 < g < o0,

N

T IR < Ke(S) | g S0 1R

x€Z4, x€Z4,
with K4(S) independent of N.

@ It is not difficult to see that this inequality implies that the support of
f must be a positive proportion of Z,.
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A direct consequence of Bourgain's A, theorem

@ Suppose that S is generic, as in Bourgain's theorem.
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A direct consequence of Bourgain's A, theorem

@ Suppose that S is generic, as in Bourgain's theorem.

@ Suppose that f is supported in E C Z% and f is supported in S.
Bourgain's theorem implies that
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A direct consequence of Bourgain's A, theorem

@ Suppose that S is generic, as in Bourgain's theorem.

@ Suppose that f is supported in E C Zf’v and f is supported in S.
Bourgain's theorem implies that

Q=

vz eer)
< Ko(SIN™2 - |EJ2 (U_:Z\f )

xeE

N
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A direct consequence of Bourgain's A, theorem

@ It follows that
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A direct consequence of Bourgain's A, theorem

o It follows that

o It follows that if 7 is supported in a generic set of size ~ N97¢, then
f is supported on a positive proportion of Z;’V.
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A direct consequence of Bourgain's A, theorem

o It follows that

o It follows that if 7 is supported in a generic set of size &~ N9~¢, then
f is supported on a positive proportion of Zj’v.

@ We conclude that if we send the Fourier transform of a signal f
supported on a set of size o(N?), and the frequencies in S C Z%
satisfying a Agq, ¢ > 2, inequality are missing, we can recover f
exactly and uniquely with very high probability.
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Spectral synthesis in Z¢,

Let f : Z‘,jv — C, and let S C Z‘,{,. Then

| 15
Flloozey < 4/~ - lIfllip(zg);
N »

_d ¥
Flliogzgy < N2 1lluocagy - sl gy

and

where f denotes the inverse Fourier transform of f.

Alex losevich (University of Rochester ) On discrete, continuous and arithmetic aspect 44 /85



Spectral synthesis in Z¢,

Let f : Z‘,jv — C, and let S C Z‘,{,. Then

| 15
Flloozey < 4/~ - lIfllip(zg);
N »

_d ¥
Flliogzgy < N2 1lluocagy - sl gy

and

where f denotes the inverse Fourier transform of f.

°

@ Observe that if HfHLoc(Zm > ¢, say, and % is sufficiently small,
NP

then we can conclude that f is identically O if HfHLp(Z;yv) is uniformly

bounded.
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Proof of spectral synthesis in Z¢, theorem

@ By Fourier inversion and the assumption that fis supported in S,

Fx) = N2 Y x(x - m)f(m).

meS
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Proof of spectral synthesis in Z¢, theorem

@ By Fourier inversion and the assumption that fis supported in S,

Fx) = N2 Y x(x - m)f(m).

meS

o It follows that

N

S F(m)[*

d
meZy,

F(x)] < N~%-|S|2

By Plancherel, this quantity is equal to

NELISE ST IF()P

d
XELYy
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Proof of spectral synthesis in Z¢, theorem (continued)

SRS

d
x€ELY,
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Proof of spectral synthesis in Z¢, theorem (continued)

=152 NS ()

d
x€ELY,

@ By Fourier inversion and the assumption that fis supported in S,

o~

Fx) = N2 3" x(x - m)f(m).

meS
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Proof of spectral synthesis in Z¢, theorem (continued)

=152 NS ()

d
x€ELY,

o By Fourier inversion and the assumption that fis supported in S,

Fx) = N2 3" x(x - m)f(m).

meS

@ It follows that

Fel < N5 ISE [ ST F(m)[
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Proof of spectral synthesis in Z¢, theorem (continued)

@ By Plancherel, this quantity is equal to

N[

NELISE ST IF(0)P

d
XELY
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Proof of spectral synthesis in Z¢, theorem (continued)

@ By Plancherel, this quantity is equal to

N

NELISE ST IF(0P

d
x€EZLY,

N

=157 NS ()P

d
XELY,
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Proof of spectral synthesis in Z¢, theorem (continued)

@ By Plancherel, this quantity is equal to

N

N=

=152 NN ()P

d
xELY,

@ By Holder's inequality, this quantity is bounded by

1
P

S (N9 ST IF()I

d
XELY
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Proof of spectral synthesis in Z¢, theorem (continued)

S
=/ Iflusegy
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Proof of spectral synthesis in Z¢, theorem (continued)

S
= \/I|Vz!d NFlio(zg)y-

@ This completes the proof of the first part of the theorem. To prove
the second part, observe that

~

F(m) = f(m)1s(m).
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Proof of spectral synthesis in Z¢, theorem (continued)

S
= ”I|\12} NFlio(zg)y-

@ This completes the proof of the first part of the theorem. To prove
the second part, observe that

~

f(m) = f(m)1s(m).

o It follows that
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Proof of spectral synthesis in Z¢, theorem (continued)

S
= ”I|\12} NFlio(zg)y-

@ This completes the proof of the first part of the theorem. To prove
the second part, observe that

~

f(m) = f(m)1s(m).

o It follows that ,
g .

f(x)=N"2-fx1s(x).

@ We conclude (by Holder) that

_d Y
FOI < N72 - 11l ogzgy - 113l e 29
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Application to signal recovery

Suppose that f : ZX, — R, where {f(x): x € Zf’v} C 0Z. Suppose that the

~

Fourier transform of f is transmitted with the frequencies {f(m)}

meS
unobserved. Suppose that

S| = Cize N¥.

Then f can be recovered exactly and uniquely if

1)
LT(Z%) 2\/ Csize '
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Proof of the signal recovery theorem

@ Suppose that we cannot recover f uniquely. Then there exists g : Z‘,{,
such that

11, = llgllp
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Proof of the signal recovery theorem

@ Suppose that we cannot recover f uniquely. Then there exists g : Z‘,{,
such that

11l = llgllp

{g(x): x € Z%} C 07,

f(m) = g(m) outside of S, and f is not identically equal to g.
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Proof of the signal recovery theorem

@ Suppose that we cannot recover f uniquely. Then there exists g : Z‘,{,
such that

11l = llgllp

{g(x): x € 24} c 67,
f(m) = g(m) outside of S, and f is not identically equal to g.
@ Let h=Ff —g. Then
1Al < (1], + llgll, < 2[Ifl],

by Minkowski's theorem, and the support of h is contained in S since
f and g agree away from S.
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Proof of the signal recovery theorem (finale)

@ The separation condition on f and g implies that

[lAlloe = 0.
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Proof of the signal recovery theorem (finale)

@ The separation condition on f and g implies that

[[Allo = 9-

@ Applying the spectral synthesis in Z% theorem with p = % and the

observations above, we see that

YV Csize .

< Il < 20Fl] 3
N
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Proof of the signal recovery theorem (finale)

@ The separation condition on f and g implies that

[lAlloe =9

@ Applying the spectral synthesis in Z‘,”V theorem with p = % and the
observations above, we see that

5 < Ihlle < 20111 30, - v/ Coe

(Z{)

0
Zd) < Vv Csr'ze,
contradiction and conclude that h must be identically 0. This
concludes the proof of uniqueness.

@ It follows that if we assume that HfH 20 we obtain a
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Annihilating pairs

e Fedja Nazarov (1993) proved the following beautiful inequality, which
was generalized to higher dimension by Philippe Jaming.
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Annihilating pairs

o Fedja Nazarov (1993) proved the following beautiful inequality, which
was generalized to higher dimension by Philippe Jaming.

@ Let E, S C R have finite measure. Then there exists a constants
¢ > 0 such that

112y < eE1! (111l zgeey + 1l i2gsey) -
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Annihilating pairs

o Fedja Nazarov (1993) proved the following beautiful inequality, which
was generalized to higher dimension by Philippe Jaming.

@ Let £, S C R have finite measure. Then there exists a constants
¢ > 0 such that

1F1],2ry < 5151 (11F1],2(ge) + 11Flli2gse)) -

@ We may discuss the continuous case in more detail later in these
lectures.
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Annihilating pairs

o Fedja Nazarov (1993) proved the following beautiful inequality, which
was generalized to higher dimension by Philippe Jaming.

@ Let £, S C R have finite measure. Then there exists a constants
¢ > 0 such that

1F1],2ry < 5151 (11F1],2(ge) + 11Flli2gse)) -

@ We may discuss the continuous case in more detail later in these
lectures.

@ For the moment we immerse ourselves back in the world of finite
signals.
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Annihilating pairs: Ghobber and Jaming

o Let f: Z% — C. Ghobber and Jaming proved in 2011 that if
E,ScZ4, |E|-|S| < N9 then

1

W ll2zgy < | 1+ — Ee | <||f||L2(EC) + ||?||L2(SC)) :
1 — /Ll
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Annihilating pairs: Ghobber and Jaming

o Let f: Z% — C. Ghobber and Jaming proved in 2011 that if
E,ScCZ4, |E|-|S| < N9 then

1

E||S
1 IS

Flliagagy < | 1+ (1F1l2eey + 1Flliagsey) -

@ Observe that this result easily implies the classical uncertainty
principle since if f is supported in E, f is supported in S, and

|E| -S| < N7,

then the right hand side of the inequality above is 0. Hence the left
hand side is also 0 and the uncertainty principle is established.
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Proof of the Ghobber-Jaming result

@ We have )
2.

TeFllizgsy < N5 1512 - [[Fllsgey

_d 1
<N \2"E\2'HfHL2(E)~
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Proof of the Ghobber-Jaming result

@ We have ;
2.

1TEF ]l 2(s) < 112 - 11]l3e

1
<NE S| B2 - Il 2y

@ On the other hand,

Ll 2(se) = ILEFlli2(zey — [Tl 12(s)
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Proof of the Ghobber-Jaming result

o We have . ;
Lefl[ 25y < N72 - |5‘ Nl e

1
<NE S| B2 - Il 2y

@ On the other hand,

H]-EfHL2(SC) > H1Ef||L2(Z%) - HlEfHLZ(S)

_d 1 1
> |Ifll ey (1= V721517 - E]).
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Proof of the Ghobber-Jaming result (continued)

@ We are almost ready to drive for the finish line. By the triangle
inequality,
Wl 2(zgy < IFll2ey + 1l 2y
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Proof of the Ghobber-Jaming result (continued)

@ We are almost ready to drive for the finish line. By the triangle
inequality,
1l 2(zgy < Fll2ey + 111l 2gee

1

———= +Ifll2ee
1 /IS

< [1efll2(se) -

Alex losevich (University of Rochester ) On discrete, continuous and arithmetic aspect 55 /85



Proof of the Ghobber-Jaming result (continued)

@ We are almost ready to drive for the finish line. By the triangle
inequality,
1l 2(zgy < Fll2ey + 111l 2gee

1

———= +Ifll2ee
1 /IS

< 1efl2(se) -

1

— + [ller
1 \/EIS]

= || = Teef |l ogsey -
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Proof of the Ghobber-Jaming result (continued)

1

< (IFllisey + 1z ) - e + 1L
B
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Proof of the Ghobber-Jaming result (continued)

1

< (Plliasey + 1lizqee) - e + 11l
1=

1

T (1l + Fllizgse)
t— (111lzqey + 11Fllizgsey )
Nd

and the proof is complete.
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Annihilating pairs and structure of sets

@ Just as we were able prove a stronger uncertainty principle in the
presence of limited additive structure, we can do the same in the case
of annihilating pairs inequalities.
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Annihilating pairs and structure of sets

@ Just as we were able prove a stronger uncertainty principle in the
presence of limited additive structure, we can do the same in the case
of annihilating pairs inequalities.

@ The following is a recent result due to A.l., P. Jaming and A. Mayeli.
Suppose that a (p, q) Fourier restriction estimate holds for S C 74,
1< p<2<gq, with norm C, 4. Then

1

1Fllaqagy < | 1+ — | (11fllizeey + Fllizsey) -
1 [ C2E|"P |S|
Nd
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Annihilating pairs and structure of sets

@ Just as we were able prove a stronger uncertainty principle in the
presence of limited additive structure, we can do the same in the case
of annihilating pairs inequalities.

@ The following is a recent result due to A.l., P. Jaming and A. Mayeli.
Suppose that a (p, q) Fourier restriction estimate holds for S C 74,
1< p<2<gq, with norm C, 4. Then

1

—— | - (I1Fllizgeey + 1Fllu2se)) -
1 ‘/C‘g""E,\',dp S|

Il 2zgy < [ 1+

@ provided that
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Thecasel1 < p<qg<2

o If1<p<gqg<2andifa(p,q) Fourier restriction estimate holds for
S,

|~

1_
2

~l

q

E ~
£ o | (1Fliaqeey + 1Pllagsey)

(¢"=p)q q
1 [ 1SlE T ch
NG

HfHL2(Z‘,{,) < |1+
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Thecasel1 < p<qg<2

o If1<p<gqg<2andifa(p,q) Fourier restriction estimate holds for
S,

E]Z7
2 4 ~
1Fll gy < |1+ P (111l 2qeey + 1Fllizgsey )
1 <|5|E| Tr Gl

Nd
@ provided that

_ Nd

£ s < N

q
Cr.q
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Proof of the A.l.-Jaming-Mayeli result

@ We first handle the case 1 < p <2 < g. By the restriction
assumption,

— 1 — L=
Lefll 25y = ISP 2us) < [SIPILEF] o)

1 _d
< |S[2 - GogN™ 2] (g

by assumption.
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Proof of the A.l.-Jaming-Mayeli result

@ We first handle the case 1 < p <2 < g. By the restriction
assumption,

— 1 — 1 —
1Lefl12¢s) = [SIP1ILEF I 2ug) < ISIPILEF] Lagus)

1 _d
< |S[2 - Go.gN™ 2] (g

by assumption.

@ By Holder's inequality, this quantity is bounded by

2—p
1. d 2-p C2 ISHE’T
CoqlSI2NT2[E[ 2 [[f|[ 20y = ‘“’Tllfllp(g)-
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Proof of the A.l.-Jaming-Mayeli result (continued)

@ On the other hand,

\|1Ef||L2(sc) 2 HlEfHB(Zm - ||1Ef||L2(5)

[c2.|s|EF

P
p,q
(=N | Il

We are now ready for the conclusion of the proof. We have

1Flli2zg) < [1Fllizey + 1IF 1l 2gee)

-1

2—p
| CoqlSIEL —
<|1- MT LEfll2(sey + 111l 2(Ee)-
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Proof of the A.l.-Jaming-Mayeli result (continued)

@ We are left to unravel the quantity H]./E\fHLQ(SC). We have
ILefll2(se) = [1sef — Lselecf|[ 2(z9)

< [flliaesey + 11l 2(¢)-

Plugging this back into above, we have

1l i2zey <

-1

2=p
CalSIIEl > 7
< 1_\/7 (HfHLQ(SC)—|—HfHL2(Ec)>‘|’HfHL2(EC)

and the case 1 < p < 2 < q is established.
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Proof of the A.l.-Jaming-Mayeli result (continued)

@ We now handle the case 1 < p < g < 2. By assumption, we have

— 1 _d
1LEfLags) < 1519 CogN ™2 [ F]] o)
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Proof of the A.l.-Jaming-Mayeli result (continued)

@ We now handle the case 1 < p < g < 2. By assumption, we have

— 1 _d
ILEf|Lasy < 1519 Co,gN™2]|f]| o(E)

1 1.1 _d
< IS1%1E] 72 CogN ™ £ 7]l 2gey.
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Proof of the A.l.-Jaming-Mayeli result (continued)

@ We now handle the case 1 < p < g < 2. By assumption, we have

— 1 _d
ILEf|Lasy < 1519 Co,gN™2]|f]| o(E)

1 1_1 _d
< IS1%1E[7 72 CogN ™ £ IFll 2ge)

Lemma (Hausdorff-Young inequality)

Suppose that f : Zﬂ, —Cand1<p<2. Then

d(2—p
1Pl gy < N ECF) g
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Proof of the A.l.-Jaming-Mayeli result (continued)

@ The case p =1 follows by the triangle inequality and the definition of
the Fourier transform. The case p = 2 is Plancherel. The result
follows by Riesz-Thorin interpolation theorem.
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Proof of the A.l.-Jaming-Mayeli result (continued)

@ The case p =1 follows by the triangle inequality and the definition of
the Fourier transform. The case p = 2 is Plancherel. The result
follows by Riesz-Thorin interpolation theorem.

@ Using Hausdorff-Young, we have

(SIS

— 2-q
Tetlliagagy = V2 )l
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Proof of the A.l.-Jaming-Mayeli result (continued)

@ The case p =1 follows by the triangle inequality and the definition of
the Fourier transform. The case p = 2 is Plancherel. The result
follows by Riesz-Thorin interpolation theorem.

@ Using Hausdorff-Young, we have

Nl

Tetlliagagy = V2 Gl ey

Nja

> NECE) |2 )1 e
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Proof of the A.l.-Jaming-Mayeli result (continued)

@ Combining, we obtain

1 TEF Il sy

1l 2y < e
2
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Proof of the A.l.-Jaming-Mayeli result (continued)

@ Combining, we obtain

[11EF]la(se)

1
7

111 d
7~ |S|7E 2 Gog S

1l o) <

[SIS8
[T

e (5 g

@ We now unravel H]-/E\fH/_q(SC)- We have

HlEfHLq(sc) = [|f - lECfHLq(SC)
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Proof of the A.l.-Jaming-Mayeli result (continued)

@ Combining, we obtain

[11EF]la(se)

1
7

111 d
7~ |S|7E 2 Gog S

1l o) <

[SIS8
[T

e (5 g

e We now unravel ||1/E\f||Lq(5c). We have

HlEfHLq(sc) = H?— lchHLq(SC)

< |[Fllagsey + [1LE<f ] a(sey
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Proof of the A.l.-Jaming-Mayeli result (continued)

Q=
[SIES

IN

15957 (1Pl izgsey + 1 Flli2qes)) -
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Proof of the A.l.-Jaming-Mayeli result (continued)

Q=
N=

< 1559572 (IPllizgsey + N llizcey ) -

@ We have

Fll2zgy < Fll2gey + 1112y
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Proof of the A.l.-Jaming-Mayeli result (continued)

Q=
NI

< 1559572 (IPllizgsey + N llizcey ) -

o We have
1l 2zey < 1fll2ey + [1F1 ey

@ Rearranging the terms yields the conclusion of the case
1<p<g<2
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A consequence of annihilating pairs inequalities

@ The following result was originally proven directly by A.l. and A.
Mayeli earlier this year, but it also follows directly from the
annihilating pairs inequalities we just proved.
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A consequence of annihilating pairs inequalities

@ The following result was originally proven directly by A.l. and A.
Mayeli earlier this year, but it also follows directly from the
annihilating pairs inequalities we just proved.

Suppose that f : Z‘,{, — C is supported in E C Z4,, and o Z;’V —Cis
supported in S C Z%. Suppose S satisfies the (p, q) restriction estimate
with norm Cpq, 1 < p <q, p < 2.

i) If g > 2, then

2-p N
E|% - 1S] > =

i) If1<p<q<2, then

Alex losevich (University of Rochester ) On discrete, continuous and arithmetic aspect 66 /85



From Restriction to Exact Recovery

Corollary

Let f : Z% — C with support supp(f) = E. Let r be another signal with

support of the same size such that 7(m) = f(m) form ¢ S, and 0
otherwise. Suppose S C Z% satisfies the (p, q), p < 2, restriction estimate

with uniform constant Cp, 4. Then f can be reconstructed from r uniquely
if

1 N
|ElP - |S| < —
2rCpq
or if
2-p N
|E‘ P ]5]<?Whenq22,
" “pq
and
(a'=p)q Nd
|El 77 -|S| < —7=7—— when q < 2.
a’'—p)q
2 90 Chg
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Concentration inequality

@ Donoho and Stark showed that if f : Z% — C,and E,S C Z% such
that f is concentrated in E at level €g in the sense that
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Concentration inequality

@ Donoho and Stark showed that if f : Z;’V —C,and E,S C Z;’V such
that f is concentrated in E at level e in the sense that

1l 2(eey < €ellfllizgzg)

and f is concentrated in S at level €5 in the sense that
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Concentration inequality

@ Donoho and Stark showed that if f : Z;’V —C,and E,S C Z;’V such
that f is concentrated in E at level e in the sense that

1Flli2(e) < eellfllizzg),

and f is concentrated in S at level €5 in the sense that

HfHL2(5c) < €5HfHL2(Zj\’I)7

with eg, €5 both < 1, then
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Concentration inequality

@ Donoho and Stark showed that if f : Z;’V —C,and E,S C Z;’V such
that f is concentrated in E at level e in the sense that

°
Il 2(eey < €ellfllizgzg)
and f is concentrated in S at level €s in the sense that
°
1F1l2(se) < €slIfllizzg)
with €g, es both < 1, then
°
ey JIETS
€E+ €5 > Nd
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Concentration inequality (continued)

@ The following is a direct consequence of our annihilation pairs
inequalities.
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Concentration inequality (continued)

@ The following is a direct consequence of our annihilation pairs
inequalities.

Corollary

Let f : Zj’v — C and suppose that f is L?>-concentrated on E at level

ee > 0 and f is L2-concentrated on S at level €s. Suppose that S C Z‘,{,
satisfying the (p, q) restriction estimate with norm Cp q. Then

1
€E + €5 > I

-1 4+ ——
2—p
1_‘/6,3,,7“:'\ Ps|
Nd
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Concentration inequality (continued)

@ The following is a direct consequence of our annihilation pairs
inequalities.

Corollary

Let f : Zj’v — C and suppose that f is L?>-concentrated on E at level

ee > 0 and f is L2-concentrated on S at level €s. Suppose that S C Z‘,{,
satisfying the (p, q) restriction estimate with norm Cp q. Then

1
€E + €5 > I

-1 4+ ——
2—p
1_‘/6,3,,7“:'\ Ps|
Nd

o Note that in the case p = 1, when the restriction estimate always
holds with constant C; 4 = 1, we recover a condition that is slightly
stronger than the Donoho-Stark condition above.
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Proof of the concentration inequality

@ The concentration inequality and the assumptions on the
concentration of f on E and concentration of f on S imply that

1F1l.2zg) < Cann (111l i2ggey + 1Fll12(se))

< Gann(€e + ES)”’[HB(Z;(,)'
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Proof of the concentration inequality

@ The concentration inequality and the assumptions on the
concentration of f on E and concentration of f on S imply that

111122y < Comn (11Fllizqee) + 1Flzse)

< Gann(€e + 6S)||f||L2(Zf\’,)'

o It follows that if f is not identically O, then
Cann(eE + 65) > 17

which implies that
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Proof of the concentration inequality

@ The concentration inequality and the assumptions on the
concentration of f on E and concentration of f on S imply that

111122y < Comn (11Fllizqee) + 1Flzse)

< Gann(€e + 6S)||f||L2(Zf\’,)'

o It follows that if f is not identically 0, then
Cann(eE + 65) 1,

which implies that

1
€E+ €5 >
Cann

and the proof is complete.

Alex losevich (University of Rochester ) On discrete, continuous and arithmetic aspect 70 /85



Another version of the uncertainty principle

@ The following beautiful version of the Fourier uncertainty principle
was obtained by Agranovsky and Narayanan.
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Another version of the uncertainty principle

@ The following beautiful version of the Fourier uncertainty principle
was obtained by Agranovsky and Narayanan.

e Suppose that f € L} _(R9) and f is supported in S is a k-dimensional

submanifold of R?. Suppose further that f € LP(RY) for some
p < %. Then f = 0.
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Another version of the uncertainty principle

@ The following beautiful version of the Fourier uncertainty principle
was obtained by Agranovsky and Narayanan.

@ Suppose that f € L}OC(R"’) and f is supported in S is a k-dimensional

submanifold of RY. Suppose further that f € LP(R?) for some
pg%. Then f = 0.

@ A natural question is whether the exponent % is sharp, and what
does it have to with restriction theory? If k = d — 1 and S9! is the
unit sphere, dz—fl is the sharp conjectured exponent for the dual of the
restriction conjecture.
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Proof of the Agranovsky-Narayanan theorem

@ Let x € (§°, supported on the unit ball,

[ xax=1

Xe(x) = e~ Ix(x/e).
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Proof of the Agranovsky-Narayanan theorem

@ Let x € (§°, supported on the unit ball,

[ e =1

Xe(x) = € Ix(x/e).

o Let
Ue = U % Xe, U=F.
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Proof of the Agranovsky-Narayanan theorem

@ Let x € (§°, supported on the unit ball,

[ e =1

Xe(x) = € Ix(x/e).

o Let
Ue = U*Xe, U=T.

o By Plancherel,

1

fully = ([ 1#00RIR R a) < 161, 7.

3 |
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Proof of the Agranovsky-Narayanan theorem (continued)

@ Let v be a smooth cut-off function. We have

[ <uev> P2 B [ e

where 5€ is the e-neighborhood of S.
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Proof of the Agranovsky-Narayanan theorem (continued)

@ Let v be a smooth cut-off function. We have

<t Pl [ poPde,

where 5S¢ is the e-neighborhood of S.

2 2
S, € 7 - Y]l - 159
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Proof of the Agranovsky-Narayanan theorem (continued)

@ Let v be a smooth cut-off function. We have

<t Pl [ poPde,

where 5S¢ is the e-neighborhood of S.
_ .
SR # - I, - 15

_2d 2d
Se P/~ed*k—>0ifp<7.
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Proof of the Agranovsky-Narayanan theorem (continued)

@ Let v be a smooth cut-off function. We have

<t Pl [ poPde,

where 5S¢ is the e-neighborhood of S.

(]
2 - 2
S, € 7 - Y]l - 159
° 2d
_2d
Se ‘ed’k—>0ifp<7.

@ With a bit more care, it is not difficult to recover the endpoint.
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Proof of the Agranovsky-Narayanan theorem (continued)

@ Let v be a smooth cut-off function. We have

<t Pl [ poPde,

where 5S¢ is the e-neighborhood of S.

(]
2 - 2
S, € 7 - Y]l - 159
° 2d
_2d
<e ¥ ‘ed’k—>0ifp<7.

@ With a bit more care, it is not difficult to recover the endpoint.

@ The same argument works for any set of packing dimension k (not
necessarily an integer).
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Sharpness (or lack of it)

o If S =591 it is not difficult to see that the exponent % =45 is
best possible since

2d

55(6) = Ju2(EDIEl ™7 € LP(R) iff p > -,

where o is the surface measure on S.
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Sharpness (or lack of it)

e If S =591 itis not difficult to see that the exponent % = % is

best possible since

d-2 2d

75(€) = Ju2(I€N)le]™ 7 € LP(RY) iff p > T

where o is the surface measure on S.

@ On the other hand, if
5:{(t,t2,...,td):te[O,l]}, d>3

it is known that

2 2 2
s € LP(RY) iffp>%>7d:2d.
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A geometric approach to spectral synthesis

o Let f be supported in S and let us cover S by a collection of finitely
overlapping rectangles

{ 5J1’| 5|H0355%0.
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A geometric approach to spectral synthesis

o Let f be supported in S and let us cover S by a collection of finitely
overlapping rectangles

{Rjs JI'V:(?» |Rj 5| > 0asd— 0.

N(5)

@ Let 15 denote a smooth partition of unity subordinate to {R; s =1 -

Since f is supported in S, it is sufficient to consider

N($)

FE) ) ms(8), ie.
j=1
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A geometric approach to spectral synthesis (continued)

N(3) N(3)
1Flloo = ||F x> Bjs|| < IFllp-[| D] s
j=1 j=1

) - p’
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A geometric approach to spectral synthesis (continued)

N(5) N(3)
1Flloo = ||F 5D Ajsl| < Fll,- (| Ao
1| =1y
@ By Plancherel,
N(5) N(5) 2 )
ﬂjg ~ Z‘R 6‘ —’50’2
j=1 5 j=1
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A geometric approach to spectral synthesis (continued)

N(5) N(3)
1Flloo = ||F 5D Ajsl| < Fll,- (| Ao
_j:l 00 j: P’
@ By Plancherel,
1
N(5) N(5) 3 )
> ol = | Skl =i
2 Jj=1

o Note that S’ is not necessarily the d-neighborhood of S.
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A geometric approach to spectral synthesis (continued)

@ On the other hand, since R;s's are rectangles,

N(5) N(5)

Zm S IRl IRy 5| = N(S).
j=1

1
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A geometric approach to spectral synthesis (continued)

@ On the other hand, since R;;'s are rectangles,

N(5) N(5)

Z sl SO IRsl - IR 51 = N(9).
j=1

1

@ By Riesz-Thorin,
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A geometric approach to spectral synthesis (continued)

@ On the other hand, since R;;'s are rectangles,

N(3) N(3)
Z fisl| S IRisl- [R5l = N(S).
T A
@ By Riesz-Thorin,
N(5)
~ 5 1—-2
Bisl| SIS°1P - (N(5)) >
j:l p/

@ The idea is to find the largest p for which this quantity — 0 as § — 0.
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A flat example

@ Suppose that S is a compact piece of a hyperplane. cover it with a
single 1 x 1 x --- x 1 x 9§ rectangle.
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A flat example

@ Suppose that S is a compact piece of a hyperplane. cover it with a
single 1 x 1 x --- x 1 x ¢ rectangle.

@ It follows that
1S°| ~ 6, and N(J) = 1.
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A flat example

@ Suppose that S is a compact piece of a hyperplane. cover it with a
single 1 x 1 x --- x 1 x ¢ rectangle.

o It follows that
1S°| ~ 6, and N(d) = 1.

@ We conclude that ) , :
S717 - (M@ # ~ o

which goes to 0 for any p < .
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A fun example

o Let S =591 Cover S by tangent 53 X 03 X ...0% X8 finitely
overlapping rectangles. It is not difficult to see that

1

1S%| ~ 6, and N(6) ~ o~ 7.

Alex losevich (University of Rochester )  On discrete, continuous and arithmetic aspect 79 /85



A fun example

o Let S = S, Cover S by tangent 62 x 62 x ...52 x & finitely
overlapping rectangles. It is not difficult to see that

1

1S9 ~ 6, and N(§) ~ 6~ 7.

@ It follows that

1917 - (N(8)) "5 < 6% - 6 T(-3) it
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A fun example

o Let S = S, Cover S by tangent 62 x 62 x ...52 x & finitely
overlapping rectangles. It is not difficult to see that

1

1S9 ~ 6, and N(§) ~ 6~ 7.

o It follows that

5%. 1-2 < 55 2
1S°17 - (N(6)) P S 6v -0

o |t follows that the critical value for p is %, which is consistent with
Agranovsky-Narayanan's theorem.
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An even more entertaining example

o Let S={(t,t>,...,t9) : t €[0,1]}. Cover S by 53 X 58 X - x 6
tangent rectangles.
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An even more entertaining example

o Let S={(t,t2,...,t9) : t €[0,1]}. Cover S by 63 x 34 x -+ x &
tangent rectangles.

@ A calculation shows that this can be done so that the collection has
finite overlap. In this case S° is not the §-neighborhood of S.
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An even more entertaining example

o Let S={(t,t2,...,t9) : t €[0,1]}. Cover S by 63 x 34 x -+ x &
tangent rectangles.

@ A calculation shows that this can be done so that the collection has
finite overlap. In this case S% is not the d-neighborhood of S.

o It follows that

d+1_

1S ~ 62 ~4, and N(5) ~ 6 3.
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An even more entertaining example

o Let S={(t,t2,...,t9) : t €[0,1]}. Cover S by 63 x 34 x -+ x &
tangent rectangles.

@ A calculation shows that this can be done so that the collection has
finite overlap. In this case S% is not the d-neighborhood of S.

o It follows that

5% ~ 6%~ 4, and N(8) ~ 0 3.

@ We conclude that

1 _1(1_2
S (M@ R < 0% 57857308 hence

Pcritical = f
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Space curves

Theorem

(S. Guo, A. losevich, R. Zhang, and P. Zorich-Kranich (2023)) Let d > 2
lle a positive integer and suppose that 1 < p < %. If f € LP(RY) and
f is supported on

{(t,t%,...,t9) : t € (0,1)},

2 8 = -
then f = 0. The exponent % is best possible, up to the endpoint.
Moreover, the conclusion is still valid for small perturbations of this curve.
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Space curves

(S. Guo, A. losevich, R. Zhang, and P. Zorich-Kranich (2023)) Let d > 2
be a positive integer and suppose that 1 < p < %. If f € LP(RY) and

fis supported on
(&8, ¢ te (0,1)),

2 8 = -
then f = 0. The exponent % is best possible, up to the endpoint.
Moreover, the conclusion is still valid for small perturbations of this curve.

v

@ Note that the Agranovsky-Narayanan theorem yields the same
conclusion for p < 2d in this case.
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Space curves

(S. Guo, A. losevich, R. Zhang, and P. Zorich-Kranich (2023)) Let d > 2
be a positive integer and suppose that 1 < p < %. If f € LP(RY) and

fis supported on
(&8, ¢ te (0,1)),

2 8 = -
then f = 0. The exponent % is best possible, up to the endpoint.
Moreover, the conclusion is still valid for small perturbations of this curve.

v

@ Note that the Agranovsky-Narayanan theorem yields the same
conclusion for p < 2d in this case.
2
o We also note that ¢--¢+2
that in a moment).

is the optimal extension exponent (more on
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Connections with the restriction conjecture

@ On the very first page of these notes, we discussed the restriction
conjecture, which says that if S~ is the unit sphere, then

</5d1 |f(f)]rd05(§)> r < Gy, (/Rd ’f(X)pdx>,1)

whenever
2d d-—1,

< <
d+1 S dadx1P

where p’ is the conjugate exponent to p.

p
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Connections with the restriction conjecture

@ On the very first page of these notes, we discussed the restriction
conjecture, which says that if S9~1 is the unit sphere, then

( /5 |f(s)|rdas(5))1 < c( /R 0P dx>;

_2d _d-1,
P91 "=a11”

where p’ is the conjugate exponent to p.

whenever

@ It is often convenient to state the dual of this inequality, the extension
conjecture.
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The extension conjecture

@ The dual of the restriction conjecture above says that

IfollLaray < Cpallfllp(sa-1y,

whenever
2d , d—1

a1 P ~qgm1?

q>
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The extension conjecture

@ The dual of the restriction conjecture above says that

7ol ogery < CoallFlliogsemry:

whenever
2d , d-—1

a1 P <~qgm17

q>

@ In general, if S is compact, equipped with Borel measure og, we say
that a (p, g)-extension estimate holds for S if

HfUHLq(Rd) < Cp,quHLp(as)-
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The extension conjecture

@ The dual of the restriction conjecture above says that

7ol ogery < CoallFlliogsemry:

whenever
2d , d-—1

a1 P <~qgm17

q>

@ In general, if S is compact, equipped with Borel measure og, we say
that a (p, g)-extension estimate holds for S if

HfUHLq(]Rd) < Cp7q|’f|’1_p(as)-

@ We call the inf of g's for which this estimate holds the critical
extension exponent of S.

Alex losevich (University of Rochester ) On discrete, continuous and arithmetic aspect 83 /85



Extension versus spectral synthesis

@ Based on examples we have so far, it seems reasonable to conjecture
that if f is supported in S, and f € LP(RY) for p smaller than the
critical extension exponent of S, then f = 0.
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Extension versus spectral synthesis

@ Based on examples we have so far, it seems reasonable to conjecture
that if f is supported in S, and f € LP(RY) for p smaller than the
critical extension exponent of S, then f = 0.

@ | do not believe this conjecture. A potential counter-example is a
compact strictly convex surface S, which has non-vanishing curvature

. . d+l .
in the sense that the volume of d-caps is > c¢d 2 with ¢ > 0 uniform.
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Extension versus spectral synthesis

@ Based on examples we have so far, it seems reasonable to conjecture
that if f is supported in S, and f € LP(RY) for p smaller than the
critical extension exponent of S, then f = 0.

@ | do not believe this conjecture. A potential counter-example is a
compact strictly convex surface S, which has non-vanishing curvature
. . dil .
in the sense that the volume of d-caps is > cd 2 with ¢ > 0 uniform.

@ | believe that it is possible to construct such a surface so that the
critical extension exponent is >> f—j’l.
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