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Introduction

These notes serve as a basic introduction to the area of self-similar groups (or groups gen-
erated by automata) that lies at the intersection of the geometric and combinatorial group
theory. These groups have been studied extensively since 1980’s, when it was realized that
some of them, while easily definable, possess very unusual properties like being infinite finitely
generated torsion groups, or being of intermediate growth. As of today, this is a reach theory
with connections to topology, dynamics, combinatorics, analysis, cryptography, and com-
puter science.

1 Trees

We will study groups that (in most cases) act on regular rooted trees.

Definition 1.1. A connected graph with no cycles is called a tree. A tree T is called rooted
if one its vertices, called the root is selected.

As all graphs, trees are endowed with a combinatorial metric in which the distance
between two vertices is equal to the number of edges in the shortest path connecting them.

Definition 1.2. The n-th level of the tree T is the set of vertices whose distance from the
root is n.

Since the tree has no cycles, for each vertex v of level n there exists exactly one path
connecting v to the root. The vertex v’ in this path that lies in level n —1 is called the parent
of v. The vertex v in this case is called a child of v'. Thus every vertex except the root has
exactly one parent and may have several children.

Definition 1.3. A rooted tree T is called regular (or d-regular, or d-ary) if there is d € Z,
such that each vertex of T' has exactly d children. In case when d = 2 such a tree is called
binary.

Historically, the rooted trees in the context of groups acting on them grow from top to
bottom, so that the root is the highest vertex and the children of each vertex v are located
right under v. The example of a binary tree is shown in Figure[Il The standard notation for
the d-ary tree that we will use throughout the text is 7.

Remark 1.4.

o A regular rooted tree is not a reqular graph as the degree of each vertex except the root
1s d + 1, while the degree of the root is d.

o A reqular rooted tree is always infinite and has infinite number of levels.

We will be interested in groups that act on regular rooted trees by graph automorphisms,
i.e. by maps from the set of vertices to itself preserving the adjacency relation. Since the
degree of the root is different from the degrees of all other vertices, every such automorphisms
must map the root to itself. More generally, the levels of the tree must be invariant under
the action of each such automorphism because it preserves the distance from the root.



Figure 1: Binary tree

Definition 1.5. The group of all graph automorphisms of the regular rooted tree T, with
the operation of composition is called the full group of automorphisms of Ty and is denoted
Aut Td.

The first trivial observation about Aut T} is:
Exercise 1.6. Prove that Aut T, is uncountable for d > 2.

But in most cases we will be interested not in the full group of automorphisms, but in its
finitely generated subgroups. In order to describe some of them, we have to come up with
some “coordinate system” on Tj. Namely, we will identify vertices of T, with finite words
over the alphabet consisting of d letters.

Let X be a finite set of cardinality d and let X* denote the set of all finite words over X
(that can be though as the free monoid generated by X ). This set can be naturally endowed
with a structure of a rooted d-ary tree by declaring that v is adjacent to vx for any v € X*
and x € X. The empty word corresponds to the root of the tree T; and X" corresponds to
the n-th level of the tree. With this interpretation in mind we will often write Aut X* for
Aut T,, meaning that we consider automorphisms of X* as a tree, and not as a free monoid
on X.

One of the convenient languages to describe automorphisms of Aut X* is the language of
Mealy automata introduced in the next section. Later on we will also talk about the language
of portraits and the language of wreath recursion.

2 Mealy automata

We start from the informal description of what automaton is and how it acts on finite words
over X. There are many different types of automata in mathematics and in computer science:
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Figure 2: Example of a Mealy automaton

automata acceptors, cellular automata, Moore machines, Turing machines, etc. We will word
with the class of deterministic automata transducers (or Mealy automata).

Informally, each noninitial Mealy automaton (or simply noninitial automaton) is defined
by a diagram (called Moore diagram) with some nodes (called the states) and the arrows
connecting the states that are labelled by the pairs of elements of X (conventionally, a pair
(z,y) € X? is written as z|y). The states are often labelled by their names. An example of
such diagram is shown in Figure

A noninitial automaton A does not act on finite words over X, but as soon as we select
a state g of A, we get the initial Mealy automaton (or simply initial automaton) A,. This is
the object that acts on the set of finite words in the following way.

Given a finite word w = x125 ..., over X, the automaton A, performs the following
operations:

1. Reads the first letter x; of w.

2. Finds the arrow from the initial state ¢ with label z1|y; for some y; € X to some
(possibly the same) state ¢'.

3. Outputs y; as the first letter of the output word.

4. Changes its current state ¢’ to the terminal state of the edge E.

5. Handles the rest of the word in the same fashion by the initial automaton A, .
6. When all the letters of w are read, declares y1ys ...y, to be the output word.

Remark 2.1. In this way each state (under the extra condition below) defines a transfor-
mation A, X* — X*.

e [n order for this transformation to be well-defined, for each state q of A and each input
letter x € X there must be exactly one arrow initiating from q and whose label is of
the form z|x. Otherwise the automaton will not know what to output or what state to
go to after reading an input letter. Such Mealy automata are called deterministic.

e [t is not always the case that this transformation is invertible.
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For example, the following table shows how the state a of an automaton shown in Figure
acts on an input word 110010100. The table has 3 rows: the first one contains the input word,
the second one shows the states in which the automaton is in while reading corresponding
letter of the input word, and the third row shows the output word.

Input: 1 10 0 1 0 1
States: a?d%afd%b?c%a%d (1)
o 1 1 0 1 0 0

Output:
Exercise 2.2. Compute the image of a word 001100110 under the action of Ay from Figure[2.

With this intuitive understanding in mind, we can now formulate the rigorous (and
somewhat technical at the first glance) definition of a Mealy automaton.

Definition 2.3. A Mealy automaton (or simply automaton) is a tuple (Q, X, m, A), where @
is a set (a set of states), X is a finite alphabet, m: Q x X — @ is the transition function and
A @ x X — X is the output function. If the set of states () is finite the automaton is called
finite. If for every state g € @) the output function (g, x) induces a permutation of X, the
automaton A is called invertible. Selecting a state ¢ € ) produces an initial automaton A,.

As mentioned earlier, automata are often represented by the Moore diagrams. The Moore
diagram of an automaton A = (Q, X, 7, \) is a directed graph in which the vertices are the
states from () and the edges have form

for ¢ € @ and x € X. If the automaton is invertible, then it is common to label vertices
of the Moore diagram by the permutation A(q,-) and leave just first components from the
labels of the edges.

The action of an initial automaton A, on X* is formally defines as follows. Given a word
V= T1T973 ... T, € X* it scans its first letter z; and outputs A(q, z1). The rest of the word
is handled in a similar fashion by the initial automaton Ay .,). Formally speaking, the
functions m and A can be extended to m: @ x X* — @ and A: @ x X* — X* via

T(q, 2122 - .. 2p) = W(7W(q, 21), T2T3 . . ),
Mg, m1za .. ) = Mg, x1) AN (7(q, 1), XX . . . Xp).

Exercise 2.4. Prove that an initial automaton acts on X* as a (graph) homomorphism
preserving the root and every invertible initial automaton acts on X* as a (graph) automor-
phism.

Now, we see that (invertible) initial automata define homomorphisms (automorphisms)
of X*. However, the situation is much better than this since this link can be reversed and,
as we will see now, automata (not necessarily finite, though) give us a way to describe every
homomorphism of X*.



Indeed, any homomorphism of X* can be encoded by the action of an initial automaton.
In order to show this we need a notion of a section of a homomorphism at a vertex of the
tree. Let g be a homomorphism of the tree X* and x € X. Then for any v € X* we have

g(av) = g(x)v'

for some v" € X*. Then the map g|,: X* — X* given by

gla(v) =o'

defines a homomorphism of X* and is called the section of g at vertex x. Furthermore, for
any rixs...xr, € X* we define

9|m1w2...mn = g‘:v1|m2 e |mn

Given a homomorphism g of X™* we construct an initial automaton .4, whose action on
X* coincides with that of ¢ as follows. The set of states of A, is the set {g|,: v € X*} of
different sections of g at the vertices of the tree. The transition and output functions are
defined by

T(glo: ) = Glua,
Mgl ) = gl (2), )
and the initial state of A, is g. Note, that A, need not be finite.

Exercise 2.5. Prove that for each homomorphisms g of X* the initial automaton A, defined
by transition and output functions ([2l) induces g.

Finally, we note that any homomorphism of X* induces an action on the set X (often
denoted as X“ or X" in the literature) of all infinite words over X that can be viewed
as a boundary of the tree X*. Topologically, X* is homeomorphic to the Cantor set, and
homomorphisms and automorphisms of X* induce continuous transfomrations and homeo-
morphisms of X respectively.

3 Groups and semigroups generated by Mealy au-
tomata

After we defined the action of initial automata on finite strings, we can proceed with a very
natural definition of a (semi)group generated by noninitial automaton A.

Definition 3.1. The semigroup (group) generated by all states of an automaton A4 is called
an automaton semigroup (automaton group) and denoted by $(A) (respectively G(.A)).

Another popular name for automaton groups and semigroups is self-similar groups and
semigroups (see [Nek05]). The reason for such name will be clear from the discussion below.

Throughout the paper we will use the following convention. If g and h are the elements
of some (semi)group acting on set A and a € A, then

gh(a) = h(g(a)). (3)
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Note that this is not the only convention that is used in the literature. However, this
notation agrees with the order of multiplication of permutations in GAP system [GAP24],
which we will use quite substantially later.

Taking into account convention (B]) one can compute sections of any element of an au-
tomaton semigroup as follows. If ¢ = g192--- ¢, and v € X*, then

9lo = g1lo - 92lg10) -+~ Inlgrga-gur(v)- (4)
Example 3.2 (Trivial example). Consider the following automaton Z:
QD)
11
This is the automaton consisting only of one state, and this state defines the trivial permu-
tation of the alphabet X. Moreover, the transformation of X* defined by this state is also

trivial, since this state after reading each input letter x simply outputs x and stays in the
same state. Thus, this automaton generates the trivial group.

Example 3.3 (Baby example). If we modify the output function in the previous example
we obtain the following automaton A:
QD
110

Similarly, this automaton consists only of one state s, so the group G(A) is cyclic. Let us
look at the transformation of X* defined by A,. It changes the first letter of an input word
and handles the rest of the word in the same way. Therefore, it will flip all letters of the
input word and, hence, this automaton generates the group Zs of order 2.

Example 3.4 (Toddler example). Consider the following automaton B:

1 CO—L—ED\)

This example requires slightly more sophisticated analysis. First of all, note that there are
no arrows from the state e to a. Therefore, the transformation of X* defined by B, is the
same as in Example B.2] i.e. the trivial transformation. Hence, the automaton group G(B) is
cyclic and generated by the transformation B;. The only question remaining is whether B;
has finite or infinite order. We will prove that it has infinite order by looking at the action
of powers of B; on the sequence 0% (recall, that each initial automaton naturally acts also
on the set of infinite words over X). Let us construct a table similar to ().




Input:

0 0 0 0 0 0 0 ---
States: a?e$e$e$e$e$e$. .

Output: =
States: a? % % % $ ? ?
Output: e
Statzs: a? % % % $ ? ?
Output: e
States: a? ? ? ? $ ? ? = (5)
Output: o o 1 0 o0 0 O0---
States: (1$e$e$e$e$e$e$~ =
Output: i1 0o 1 o0 0 0 O0---
States: afa%efefe%efe?- =
Output: o 1 1 0 O 0 O0---
States: a?e%e%e%e?e?e?- n
Output: r 1 1 0 O 0 O0---

From this table one can clearly see the pattern of ¢"(0°). Namely, each infinite string over
X = {0, 1} defines a 2-adic integer. Then each application of ¢ to a 2-adic integer w simply
adds 1(= 10%) to w in the ring of all 2-adic integers (usually also denoted by Zs in the
literature, but in these notes we generally will denote by Zy the group of size 2). Now it
is easy to explain this phenomenon. Indeed, the addition of one in Z, (2-adic integers) is
performed as follows. If the first input letter is 0, then we flip it to 1 and do not change the
rest of the input number. On the other hand, if the input letter is 1, then we output 0, but
then we have to carry over 1 to the next position, i.e. we will add one to the “rest” of the
2-adic number. This procedure is clearly encoded in the state ¢ of automaton B.

Automaton B plays an important role and we will see it often in future. It is called the
adding machine (or odometer). Since the set of 2-adic integers is infinite, the addition of 1
clearly has an infinite order. Therefore, the group G(B) is isomorphic to the infinite cyclic
group Z.

Note, that Example [3.4] used the fact that one can endow the boundary of the tree
X with certain algebraic structure (Z, in this case). Similar ideas will be used later, but
with different algebraic structures. For example, for an alphabet X of cardinality d one can
identify X with the ring Z,[[t]] of formal power series over Z, (see [GNS00, [5SS05], or with
the infinite dimensional Zg-module Z3° (see [SS16]).

The three examples above, (un)fortunately (you choose), conclude the list of trivial ex-
amples where the structure of the group is immediately evident. In most cases the groups
generated by automata are quite weird and untame, with many essentially new examples that
simply do not have simpler description than the one given by automaton. As mentioned in
Introduction, many of them have extraordinary properties, like being torsion infinite finitely
generated, or being of intermediate growth. It is probably a right time now to introduce
the first (and most famous) example of an automaton group up to date, constructed by
Grigorchuk in 1980 [Gri80)].



Figure 3: The automaton generating the Grigorchuk group

Example 3.5 (Adult example). Consider the 5-state automaton G depicted in Figure B
Note, that the Moore diagram on the figure is a bit different from those shown in Figure 2
In the literature both types of the diagrams are used, so even though it might look confusing
initially, it is important to know how to interpret both of these types. In this diagram only
the first components of arrows’ labels are preserved (defining the transition function), but
the states are labelled by the permutations of X (where 1 and o denote the trivial and
nontrivial permutations in Sym(X), respectively). These labels define the output function
of the automaton. Namely, if the state ¢ is labelled by the permutation 7 € Sym(X) and
the automaton reads x € X while being in state ¢, then the output letter will by m(z). So,
these labels effectively record the information contained in the second components of arrows’
labels in the other type of Moore diagrams. This type of diagrams is usually more compact
and clear, but a bit less convenient while trying to find the images of input words and when
working with non-invertible automata or automata over large alphabets.

The next theorem is the congregation of results of several papers describing some of the
most striking features of the group generated by G.

Theorem 3.6 ([Gri80, [Gri84, [Lys85]). The group G(G) is an infinitely presented, amenable
but not elementary amenable 3-generated infinite 2-group of intermediate growth.

In these notes we will prove only that G(G) is infinite 2-group.

3.1 Language of self-similar groups

When we talk about sections of automorphisms (versus the states of corresponding au-
tomata), often the term “self-similar” is used instead of “automaton”. Using both of these
essentially equivalent terms quite often is helpful to emphasise the context.

Definition 3.7. A subset S of Aut X™* is called self-similar if all sections of each of the
element in S are in S again. A group G < Aut X* is called self-similar if it is self-similar as
a set.

Clearly, a self-similar set S has a structure of an automaton with transitions defined by:

@ rlg(x) :@




for each g € S and x € X.

An automaton group can be naturally defined as a group generated by a self-similar set.
On the other hand, the whole self-similar group G defines an automaton A(G) whose states
are elements of the group.

The following trivial observation relates self-similar and automaton groups.

Proposition 3.8. A group G is self-similar if and only if it is generated by (possibly infinite)
automaton.

Proof. If G is self-similar, then the it is generated by A(G). On the other hand, equations ()
and (@) that state that the sections of the products and inverses are products and inverses
of the sections, guarantee that the section of any element of G generated by an automaton
at any vertex will again belong to G. O

4 Wreath products and wreath recursion

The language of automata and their Moore diagrams is a very convenient tool to visualize
the object defining a group. It also allows us to define several important classes of automaton
groups. However, in order to have better computational handle, the language of, so-called,
wreath recursion is used. This is a way to encode the same data as the automaton does, but
it provides several crucial computational tools and techniques.

4.1 Basics on wreath products

Suppose there are two groups G and H acting on the sets X and Y, respectively. We start by
introducing the construction of the permutational wreath product of these two groups. The
formal definition involves the notion of the semidirect product, but we will explain below
how it actually works.

Definition 4.1. The group G H = G¥ x H, in which H acts on GY by permuting the
indices in the tuples according to its action on the set Y, is called the permutational wreath
product of G and H.

To simplify the notation, we will temporarily assume that Y = {y1,vs,...,vq}. Then by
definition, the elements of G ! H are tuples ((gl,gg, ey Gd),s h) for some g; € G and h € H.
We will usually write this element simply in the form (g1, go, . . ., ga)h if it does not cause any
confusion. This element acts on X x Y in the following picturesque way. Represent X x Y as
a “wreath” with the main circle corresponding to Y, and |Y| small circles that correspond
to X (one circle for each element of Y). See Figure @ for illustration. Then (g1, g2, .., ga)h
first permutes elements of the small circles corresponding to y; by ¢;, and then permutes the
small circles along the big circle according to the action of h € H.

The product of elements g = (g1, 92, ...,94)h and ¢" = (g}, 5, ..., 9,)h" corresponds to
the composition of this actions and thus, is defined by the following formula:

99" = (919h0)> 929h(2)» - - - > GaGhay) M- (6)
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Figure 4: The action of an element (g1,92,...,94)h € GUH on X XY

Example 4.2. The permutational wreath product of two symmetric groups S5, is natu-
rally isomorphic to the automorphisms group of the finite d-ary tree of depth 2.

Example 4.3. The full automorphism group of the d-ary tree Aut T} satisfies:

AutT; = Aut Ty Sy.

4.2 Wreath recursion

Similarly to Example [4.3] for any automaton group G there is a natural embedding
Y G — G1Sym(X)

defined by
GBQH (917927---7gd)ag erSym(X>7 (7)

where g1, g2, ..., g4 are the sections of g at the vertices of the first level of X*, and o, is a
permutation of X induced by the action of g on the first level of the tree. In this case, with
a slight abuse of notation, we will write

9=1(91,92,--.,9a)04.

If o, is the trivial permutation, it is customary to omit it.
The above embedding is convenient in computations involving the sections of automor-
phisms, as well as for defining automaton groups. Sometimes it is called the wreath recursion
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defining the group. The main benefit of the wreath recursion language is that it is easy to mul-
tiply automorphisms and find their inverses in the same form. Indeed, if g — (g1, 92, - - ., ga)0y
and h +— (hy, ho, ..., hg)oy are two elements of Aut X*, then equation ([6) yields:

gh = (91ho,1), 92hey@)s - - - Gaho,(d))Tg0n (8)

and

1 /-1 -1 —1 -1
9 = oy ooy 9y @)% (9)

Remark 4.4. A particular important case of the above formulas is when g and h act trivially
on the first level, i.e. both o, and oy, are trivial permutations of X. In this case o, does not
cause any shuffling of the sections, so the multiplication is performed simply as in the direct
product.

For example, the adding machine automaton from Example 3.4l corresponds to the wreath
recursion:
= (L 1),

= (1,t)o,
and the Grigorchuk group introduced in Example can be defined as:

1 = (1,1),
a = (1,1)0,
b (a,c),
c (a,d),
d = (1,b).

In most cases the line corresponding to the trivial generator of the group is omitted as well.
We will first show the power of the language of wreath recursion by showing a couple of
examples of calculations.

Example 4.5 (Example revised). Recall that the group G(A) from Example B3 is
generated by an element a of order 2 and is isomorphic to Zs. Let us see from the wreath
recursion that a® represents the trivial automorphism. Indeed, by (§) we get:

a®> = (a,a)0 - (a,a)0 = (a-a,a-a)o® = (a*, da?).

The last equality should be understood as follows. The automorphism a? does not swap the
vertices of the first level, and then acts on both left and right subtrees of X* again as itself.
So, it will fix the vertices of the second level and will act on the subtrees hanging down from
the second level again as itself. Propagating this argument down the tree shows that a? will
not move any vertex of X*, so a? = 1.

Now let us go back to Example B4 of the adding machine.

Example 4.6 (Example 3.4 revised). Recall that we proved that the generator ¢ has an
infinite order by looking at the orbit of 0°°. While that method works for the adding machine,
its power is quite limited and it does not work in many situations. Wreath recursion gives
another simple way to see it.
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Figure 5: Full portraits of elements (a) a = (a,a)o and (b) the adding machine ¢t = (1,¢)o

Suppose t has a finite order n. Since ¢t swaps the vertices of the first level, any of its odd
powers will also swap these vertices, hence it will represent a nontrivial element of G(B).
Therefore the order n can only be even, say, n = 2m. But then applying ) to t = (1,t)o
we get:

t*=(1,t)0-(1,t)o = (1-t,t-1)o? = (L,1)

Taking into account Remark [4.4] we then immediately obtain that:
£ = (£ ™).

But since the order of t is 2m, ™ is the trivial automorphism of X*. Hence, its sections at
the vertices of the first level also must be trivial. So we obtain that t™ = 1, which is in clear
contradiction with the fact that the order of t is 2m.

5 Portraits of automorphisms

There is another way to look at automorphisms of X*. Namely, every automorphism is
completely defined by its portrait. There are at least four variations of this notion, so we will
start from the one that can be applied to any automorphism.

Definition 5.1. The full portrait of an automorphism g € Aut(X*) is a labelled rooted tree
X* in which each vertex v is labelled by the permutation of X induced by the section ¢|,.

Clearly, each such full portrait is an infinite graph. In all the figures, labels of vertices will
be drawn right under the vertex. In the case of the binary tree (when | X| = 2), since there is
only one nontrivial permutation of X, it is customary to denote this nontrivial permutation
by a little arc (called the switch) connecting the edges sticking out from the vertex. The
labels corresponding to the trivial permutation of X are also suppressed in this case. The
label of the vertex tells how the immediate children of this vertex are permuted under the
action of an automorphism. The examples of the full portraits of the element a = (a,a)o
and the adding machine ¢ = (1,¢)o from Examples B.3] and [3.4] are shown in Figure

As you can see from Figure Bl drawing the whole portrait in the case of the adding machine
might actually hide the essential structure. Often, to see what is going one, it is better not
to draw subtrees where the action of an automorphism is trivial. I.e. after reaching a vertex
v such that g|, is trivial, we stop drawing anything along this branch.
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Figure 7: Simplified portraits of the generators of the Grigorchuk group

Definition 5.2. The simplified portrait of an automorphism g € Aut(X™*) is obtained from
its full portrait by removing all subtrees hanging down from vertices v such that g|, is the
trivial automorphism.

Often for convenience the vertices of a portrait of g are additionally labelled by the names
of the sections g|, acting on corresponding subtrees. These labels are usually located above
the vertices.

For example, the simplified portrait of the generator ¢ of the adding machine is shown in
Figure [6l and those of the generators of the Grigorchuk group are depicted in Figure [7l

Finally, if an automorphism is defined by finite initial automaton (or, equivalently, has
finite number of sections), it is often convenient to stop drawing the branch in its portrait
after reaching a vertex v such that the section g|, has already appeared earlier in the portrait.

Definition 5.3. The reduced portrait of an automorphism g € Aut(X™*) with finite number
of sections is obtained from its full portrait in the following way. Order the vertices of X*

14



Figure 8: Reduced portrait of the generator b of the Grigorchuk group and the initial au-
tomaton built from this portrait

lexicographically and loop over all the vertices remembering the sections that have appeared,
at the same time including corresponding vertices and their labels in the full portrait of g
(including the names of the sections) into the reduced portrait. In this process, when a
section at vertex v have appeared earlier on the list, include v into the reduced portrait, stop
moving along the branch containing v and move to the next vertex on the list that does not
have v as a prefix.

If an automorphism ¢ has only finitely many sections, the procedure in the above defini-
tion will clearly terminate and produce a finite tree whose vertices are labelled by permuta-
tions of X and by the names of the sections of g. An example of the reduced portrait of the
generator b of the Grigorchuk group is shown in the left side of Figure 8l

Note, that the reduced portrait allows us to recover the initial automaton defining ¢ as
shown in the right side of Figure 8 Simply keep in mind that the sections of g correspond
to the states of this automaton, transitions are coming from the edges in the tree, and the
output function is defined by the permutational labels of the vertices in the portrait. The
last observation also allows us to effectively construct reduced portraits of automorphisms
defined by initial automata or by wreath recursion. Observe that the automaton in the right
side of Figure [ is, as expected, isomorphic to the automaton in Figure

6 Algorithmic aspects

6.1 Word Problem

Even though most of the algorithmic questions in the class of (semi)groups generated by
automata are either not known to be solvable, or are known to be unsolvable, one of the
most important ones — the word problem — has quite an easy general solution.

The word problem is one of the three classical algorithmic problems in group theory
formulated by Max Dehn in 1911 [Dehll]. It is stated as follows:
The word problem for a finitely generated group G is an algorithmic problem of deciding
whether two given words over a symmetric generating set for G represent the same element
of G.

The other two problems formulated by Dehn are the conjugacy problem (asking whether
two given elements of a group are conjugate in it) and the isomorphism problem (asking
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whether there is an algorithm testing the isomorphism of groups from a given class). Con-
jugacy problem was quite recently shown to be undecidable in groups generated by au-
tomata [SV12]. The question whether the isomorphism problem is decidable in this class is
still open.

Perhaps, among these three problems the positive solution of the word problem in G has
the strongest impact on the study of G. Indeed, if we know how to distinguish elements of
G, we can:

e test whether the word represents the trivial element of G' or not;
e search for relations in G;

e enumerate effectively all the elements of G;

e draw finite balls in the Cayley graphs of G.

Not all groups admit an algorithm deciding the word problem. The first example of a
finitely presented group with undecidable word problem was constructed by Novikov in 1955.
Therefore, it is certainly very good that this problem has an easy solution in the class of
groups generated by automata.

The procedure itself is recursive and quite simple. We have actually seen an instance of
it in Example .5 Let G be an automaton group generated by a finite automaton 4. Then
the set S of states of A is the generating set for G. Suppose we need to check whether two
words w and w’ over SUS™! correspond to the same element of G. Since the equality w = w’
is equivalent to w—'w’ = 1, we can without loss of generality assume that w’ is the trivial
word. So we only need to check whether w corresponds to a nontrivial element of GG or not.

In order to do this, we go over all possible sections of w and look either for nontrivial
action on the first level, or for repetitions of sections. Whenever we see a repetition, we stop
going along this branch of the tree. Note, that the set of sections of w is finite, since every
section is represented by a word of length not more than the length of w.

e If at some point we find a section that acts nontrivially on the first level, then w # 1.

e If, on the contrary, we searched over all the sections (since w has only finite number
of sections, the process will eventually terminate) and did not find a section acting
nontrivially on the first level, we declare w = 1.

This is not an extremely efficient algorithm and it requires an exponential (in terms of
the length of the input word) running time and space in the worst case. Philosophically, this
is because the sections of w are parameterized by the words of length at most length of w,
but the size of this set clearly grows exponentially with the length of w.

However, there are some classed of automaton groups that admit polynomial time word
problem algorithms. The most important of those is the class of contracting groups to be
discussed in Section
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6.2 Introduction to AutomGrp package

As you can see from Subsection the calculations related to groups generated by automata
are often conceptually simple, but technically difficult and time-consuming. This is precisely
the situation where computer help is needed. As of now, there are two packages that deal
with this class: AutomGrp by Yevgen Muntyan and the author [MS25] and FR by Laurent
Bartholdi [Bar24], both written for the GAP system [GAP24]. In the rest of the text we will
use mostly AutomGrp package and will try to hide as many technical details into computer
calculations as the proofs will allow us. Often, this will make the important arguments much
simpler.

The GAP system is a free multi-platform powerful computer algebra system specializing
in algebra with emphasis in group theory. At the present time it is one of the most influential
system in the group-theoretic community. It is available for download at

http://www.gap-system.org

This web-page also contains the information for the installation and various manuals on how
to use the system. The package AutomGrp is a part of the standard installation and can be
loaded by issuing:

gap> LoadPackage ("automgrp") ;

Loading AutomGrp 1.3 (Automata Groups and Semigroups)
by Yevgen Muntyan (muntyan@fastmail.fm)

Dmytro Savchuk (http://savchuk.myweb.usf.edu/)
Homepage: http://finautom.sourceforge.net/

in GAP terminal.

The package has quite a reach toolbox consisting of various functions. The complete man-
ual for the package is available at its website. Here we will be using some of its functionality
at appropriate places.

The primary way to define automaton groups is using its wreath recursion and
AutomatonGroup command. The alphabet in AutomGrp will always be X = {1,2,...,d}
for some d > 2, and the permutations of X are written in the standard cyclic form (e.g.,
(1,3,4)(2,5) is a permutation of {1,2,3,4,5}). For example, here is the line that creates the
Grigorchuk group G:

17


http://www.gap-system.org

gap> G := AutomatonGroup( "a = (1,1)(1,2), b = (a,c), ¢ = (a,d), d = (1,b)");
<a, b, ¢, d>

Now one can ask many things about G: whether it is finite, does it have elements of
infinite order, find short relations, etc. But for the next section we will mostly interested in
a fast and automatic way to solve the word problem and to find the order of an element.
The standard algorithm solving the word problem in automaton groups is implemented in
AutomGrp and can be called by the command IsOne applied to a group element. For example,
to verify that the generator b of G is an involution, one can check:

gap> IsOne(b~2);
true

Alternatively, one could try to issue the Order command:

gap> Order (b);
2

However, there is no known algorithm that always finds the order of an element of an

automaton group. Therefore, this command in some cases can run until it uses all of the

available resources and might not produce a definite answer. For Grigorchuk group (and

more generally for groups generated by, so-called, bounded automata) this never happens.
Similarly, we can compare two words simply by using = operation:

gap> b*xc = d;
true

Finally, one of the most useful functions is Decompose, which allows us to quickly compute
the wreath recursion of a given automorphism:

gap> Decompose (axb*axc*a) ;
(c*xa, axd)(1,2)

We will gradually introduce more functions along the exposition below.

6.3 Order problem

Even though the word problem in automaton groups is decidable, the good algorithmic news
unfortunately end at this point. On the other hand, the lack of general solutions for other
algorithmic problems makes it interesting to study the class of automaton groups as one has
to try to apply various tools to get a result. In this subsections we turn our attention to
the, so-called, order problem. This partial solutions of this problem will be used on multiple
occasions throughout the text.
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The order problem for a finitely generated group G is an algorithmic problem of deciding
whether a given element of G has finite order or not.

The first thing to point out is that the word problem gives half of the solution to the
order problem. Indeed, if an element ¢ has finite order, this can be verified in finite time
simply by checking whether g™ is trivial for all n > 1. Therefore, we will mostly be interested
in finding the ways that show that an element has infinite order. There are three main ways
that sometimes allow us to make such conclusion.

e The first method is based on the analysis of the sections of an element and is a gener-
alization of the method used in Example

e The second way is a generalization of Example .4 and is based on the (partial) un-
derstanding the orbits of infinite words over X under the action of powers of g. The
second way is less automatic at this moment than the first one, but it seems to be
applicable in many situations where the first method fails.

e The third method is based on the algorithm verifying whether an element acts transi-
tively on all levels of the tree. This is quite a restrictive method as most of automor-
phisms do not possess this property, but it is simple to check on the binary tree and
in some situations on larger trees.

There are also other methods (see, for example, [KPS16]), but their application range is
quite limited at the moment.

We will start by describing the first method. Below, for any element g of any group we
will denote by O(g) its order. Further, for each m > 0 each element g € Aut X* induces the
permutation of X™ that we will denote by m,(m) € Sym(X™).

Theorem 6.1. If for an element h of a self-similar group G there exists a vertex v € X' for
some | > 0 satisfies:

1. there is n > 1 such that ged(n, O(m,(m))) > 1 for some level m > 1 and h"|, = h*!,
2. h"(v) =,

then O(h) = cc.

Proof. Suppose h has finite order r. Then

_ gplem(n,r) _ —r n\ ==
1 — h — hgcd(n,r) — (h )gcd(n,r) .

In particular all of the sections of (k™)@ 0 are trivial. But since h"(v) = v, we get
1= (hn)_g_cd(n_,r) |v — (hn‘v)—gcd(rn,r) = (hﬂ)—gcd(’;m'

To finish the proof it is enough to mention that O(my,(m)) | r since m,(m) is a homomor-
phic image of h under the canonical epimorphism Aut X* — Sym(X™), and so ged(n,r) > 1

and —— < r. The last inequality is in clear contradiction with the minimality of r. O
ged(n,r)

Often it is important to obtain at least one element of infinite order since it enables us
to construct many other such elements by the following proposition.
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Proposition 6.2. If for an element g of a self-similar group G there exists a vertex v € X'
such that:

1. g(v) =v;
2. O(glo) = o0,
then O(g) = oc.

Example 6.3. Consider the group GG defined by the wreath recursion below:

a = (c¢a)o,
b = (a,b),
= (b,a).

We will show that an element h = ab~! has an infinite order. Indeed, for a vertex v = 00
and n = 2 we have:

® h2‘00 = (ab‘1)2\00 = ba_l = h_l,
e h2(00) = 00.

Also, since h acts nontrivially on the first level of the binary tree, 7, (1) is a nontrivial trans-
position of order 2. Hence, we have ged(n, O(m,(1))) = ged(2,2) > 1 and all the conditions
of Theorem are satisfied. Thus, h = ab~! has infinite order.

In AutomGrp package the algorithm described in Theorem and Proposition is im-
plemented in functions OrderUsingSections and FindElementOfInfiniteOrder. In many
cases, to get that the order of an element is infinite, we show that some of its powers have
a section at some fixed vertex that satisfies conditions of Theorem [6.1l This is shown in
example below.

Example 6.4. Consider a group G acting on a ternary tree with the wreath recursion below:

a = (1,b,a)(012),
b = (a,a,b)(01).

The group itself was chosen essentially at random to demonstrate the power of the method.
We will use SetInfoLevel command to make AutomGrp produce the proof for us.

gap> G:=AutomatonGroup("a=(1,b,a)(1,2,3),b=(a,a,b)(1,2)");
<a, b>
gap> SetInfoLevel (InfoAutomGrp,3);
gap> FindElementOfInfiniteOrder(G,10,10);
#I (b*a”2)"2*a”2 is obtained from (a)~18
by taking sections and cyclic reductions at vertex [ 1, 1, 1, 2]
#I (b*a"2)"2*a”2 is obtained from ((b*a”2) 2*a”2)"3
by taking sections and cyclic reductions at vertex [ 1, 2, 1, 2]
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Now we can check that for h = (ba?)?*a? there is n = 3 and a vertex v = 0101 such that:
d h3|0101 = h,

e 13(0101) = 0101,

e O(my(1)) = O((021)) = 3, so ged(3,3) =3 > 1.

Hence, by Theorem the element h has infinite order.
At the second stage, we check that

e a!8(0001) = 0001,
[ ] a18|0001 = h

Therefore, by Proposition the elements a'®, and consequently a as well, have infinite
order.

7 Motivating example: Grigorchuk group

In this section we will use the developed language and techniques to obtain one of the first
striking results in the area.

We first familiarize ourselves with G a little better. Recall, that in the previous section
we observed that b2 = 1 in G. More generally, using the algorithm solving the word problem
in automaton groups described in Subsection [6.1] we obtain:

Proposition 7.1. In the Grigorchuk group G the following relations hold:
a’ =0 = =d* = bed = (ab)'® = (ac)® = (ad)* = 1.

In particular, it follows that there is an epimorphism from a finitely presented group
' ={a,bc,d|a®> =1V =c*=d* = bed = 1) to G. This group I is isomorphic to the free
product Zs x K of the group (a) of order 2 and the 4-element Klein group (b, ¢, d). Therefore,
each element g of G can be represented by a word over generators of the following form:

g=(a)xaxaxa---xax(a), (10)

where each * is one of b, ¢, or d, and the first and/or the last @ may be missing. This
representation is not unique. For example, by Proposition [71] (ad)* = 1, which implies that
adad = dada.

As often happens in group theory, to understand better the structure of a group, one
studies its subgroups. Any group G acting on a rooted tree X* has a natural descending
sequence of normal subgroups Stabg(n),n > 1 consisting of elements of G that stabilize
levels X™ of the tree. le.,

Stabg(n) ={g € G |v! =v for allv e X"}.

These subgroups are called the stabilizers of levels of X* and play a crucial role in many
algorithmic questions.
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Exercise 7.2. Prove that Stabg(n) is a normal subgroup of G for any n.

Since the intersection of all the stabilizers is trivial (as any element of the intersection
must stabilize all the levels of X*), we immediately obtain the following corollary.

Corollary 7.3. Any group acting faithfully on the rooted tree is residually finite.

The quotients G/ Stabg(n) are finite groups, whose size usually grows rapidly with n.
They naturally consist of permutations induced by the elements of G on the n-th level. This
factor-groups in many cases give a descent finite approximation of the whole group. A lot of
questions are often answered simply by looking at these finite quotients.

Let us go back to the Grigorchuk group. We denote by H the stabilizer Stabg(1) of the
first level in G. L.e. H consists of those elements of G that act trivially on the first level.
Since the only generator of G that swaps the vertices of the first level is a, the group H
consists of exactly those elements of G that can be represented by words of the form ([0
with even number of a’s. This immediately gives that [G : H] = 2, since each element of
G — H can be presented as ha for some h € H. Hence, we obtain that H is normal in G
as a subgroup of index 2. Moreover, each word of the form (I0) that has even number of
a’s (and thus representing some element of H) can be broken down into the blocks from
{b,¢,d, aba, aca,ada} = {b,c,d,b*, c* d*} as shown in the example below:

abacacadabacada = aba - ¢ - aca - d - aba - ¢ - ada.

We summarize these relatively trivial observations in the following proposition.

Proposition 7.4. The subgroup H = Stabg(1) of G is normal in G, has index 2 and is
generated as
H = (bc,d,b* c* d*).

7.1 Infiniteness
The goal in this subsection is to prove the following proposition.
Proposition 7.5. The group G is infinite.

Proof. To see that G is infinite, it is enough to construct an epimorphism from H onto G
(since H has index 2 in G it is a proper subgroup).
Since H stabilizes the first level, the restriction of the embedding ¥: G — G Sym(X)
defined by [7 to H is
QM w:H—GxG.

With a slight abuse of notation we will denote this restriction also by ).
This embedding is defined on the generators of H from Propositoin [7.4] as

(b (a,c),
c+— (a,d),




The compositions of ¢ with the projections onto each of the coordinates of G x G are
onto (since all generators of GG are present in both first and second coordinate of the images
of the generators of H). This observation completes the proof of infiniteness of G. O

7.2 Periodicity

In this section we prove periodicity of the Grigorchuk group G. The argument is essentially
the original argument by Grigorchuk from 1980 [Gri80]. More precisely, the following theorem
holds.

Theorem 7.6. The Grigorchuk group is a 2-group.

Proof. We need to show that every element ¢ of G has order 2* for some k > 0. We proceed
by induction on the length of a word in {a, b, ¢, d} of the form () representing g. For words
of length up to 2 the statement is trivially verifiable using the word problem algorithm. In
AutomGrp package this can be checked as follows.

gap> G := AutomatonGroup("a = (1,1)(1,2), b = (a,c), ¢ = (a,d), d = (1,b)");
<a, b, ¢, d>

gap> els := ListOfElements(G, 2);

[ 1, a, b, ¢, d, a*xb, axc, axd, b*a, c*a, d*xa ]

gap> List(els, x -> Order(x));

(1, 2, 2, 2, 2, 16, 8, 4, 16, 8, 4 1]

Now assume that for some n > 2 each word of length less than n represents an element
of G whose order is some power of 2. Let g be an arbitrary element represented by a word
of the form (I0) of length n. We will consider several cases.

Case I. g = a*ax*---ax*a. In this case g* = *a * - - - ax has length at most n — 2, so by
induction assumption it has a finite order that is a power of 2. But the order of ¢ is always
equal to the one of g°.

Case II. g = xja % - - - a*o. In this case ¢g*' = a % - - - a(*9%1) has length at most n — 1 since
ko7 1S either trivial if %; = %9, or equals to the third element among {b, ¢, d} different from
%1 and 5. Similarly to Case I we deduce that the order of g is a power of 2 by induction
assumption.

Case III. g = xa*xa---axa or g = axax*a---ax. Clearly as before, conjugation by a
reduces the second option to the first one. Therefore we assume that g = *xa*a---a*a and
look into the following subcases.

A. There is an even number of a’s in the word representing g. Then ¢ € H and g can
be written as a product of at most ”T“ blocks from {b, ¢, d, aba, aca, ada}. In this case
g = (g0, g1), where gy and g; are the products of sections of blocks forming g at vertices
0 and 1, respectively. Since each such section is in {1, a, b, ¢, d} and has length at most
1, the length of each of gy and ¢ is bounded above by the number of blocks, i.e. "T“ <n
for n > 2. Hence, by induction assumption, the orders of gy and g; are 2! and 2™ for
some [ > 0 and m > 0. In this case the order of g = (go, g1) is 2m@{bm},
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B. There is an odd number of a’s in the word representing ¢. This is the most important
case hiding the heart of the whole argument. In this case g = ha = (hg, hq)a for some
h = (hg, h1) € H of length n — 1. Since

92 = (ho, h1)a - (ho, hi)a = (hohy, hihg),

it will be enough to show that the order of hoh; is a power of 2 (note: the order of hqhg
is the same as it is conjugate to hgh;. However, by the argument in Subcase A the
length of hgh; can be at most 2 - w = n. Hence we cannot immediately apply the
induction assumption. But in the case when [(hoh;) < n, induction assumption does
apply.

To finish the proof we will use the structure of G. Since d = (1, b) and ada = (b, 1) (so
these blocks introduce 1 into either hy or hq), the only situation in which the length of
hohy is equal to the length of g is when h does not have blocks involving d. Additionally,
if h contains a block involving ¢, then since ¢ = (a, d) and aca = (d, a) the word hohy
will either have length less than n (so that the induction assumption applies), or will
contain a block involving d, thus hitting the situation just described. Finally, if all
blocks in A involve no ¢’s or d’s, we must have g = (ba)2 that clearly has an order of
the form 2! for i € {0,1,2,3,4} since the order of ba is 16.

O

7.3 Intermediate growth

Let G = (S) be a finitely generated group, where S is a finite generating set. The word length
of an element g € G with respect to S is

lgls =min{n >0:g=s18-8,, s € SUS '}
The ball of radius n centered at the identity is
Bs(n) ={g € G :[gls <nj}.
The growth function of G with respect to the generating set S is the function

Ya,s(n) = |Bs(n)|,

that is,
Ye,5(n) = |{g € G |gls <n}|.

Although the function g g(n) depends on the choice of the finite generating set S, its
asymptotic growth type does not. Therefore, one often writes y5(n) when the generating set
is understood or when discussing the growth type of the group.

A growth function of a finitely generated group can be at most exponential with respect
to n. For a long time only groups of polynomial or exponential growth were known, and
the question of the existence of a group whose growth function grows faster than any poly-
nomial function and slower than an exponential function was formally asked by Milnor in
1968 [Mil68]. Such groups are called groups of intermediate growth.

A celebrated theorem of Gromov relating a geometric and algebraic properties of a group
is widely considered as one of the cornerstones in the geometric group theory.
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Theorem 7.7 (Gromov [Gro8l]). A finitely generated group has polynomial growth if and
only if it is virtually nilpotent.

Gromov proved the more complicated “only if” direction establishing that every group of
polynomial growth is virtually nilpotent. The “if” direction was known earlier due to works
of Wolf (1968), Guivarc’h, and Bass (1972).

Grigorchuk in [Gri83] proved that his group has intermediate growth, thus solving posi-
tively Milnor’s problem on growth of groups. Up to now all known examples of such groups
can essentially be traced back to this construction (in a broad sense). Introductory paper by
Grigorchuk and Pak [GP0S8] (available at http://arxiv.org/abs/math/0607384) provides
a simple proof of intermediate growth of Grigorchuk group. Several more accurate estimates
were obtained over the years by Grigorchuk, Bartholdi, Suni¢, with the best known obtained
by Erschler and Zheng in [EZ20]. They proved that if v5(n) denotes the growth function of
the first Grigorchuk group G, then

. loglogwvg(n)
lim ————~ =
n—oo logn

where
~ log2

~ log Ao

o ~ 0.767429,

and A is the unique positive root of
23— —20—4=0.

Equivalently,
Y6(n) = exp(n®tW).

8 Contracting Groups

In the previous section we have observed the phenomenon that for Grigorchuk group the
length of sections g|, as words in the generators is always shorter than the length of g for
all v from the third level of X*. This contraction played a crucial role in both periodicity
and intermediate growth of GG. This concept is a basis for a wide class of automaton groups
called contracting groups that is the subject of this section. We will see that the groups from
this class possess some nice algorithmic properties and allow us to formulate some general
result of algebraic nature.

8.1 Definition(s) of contracting groups

There are two equivalent and equally important properties of contracting group that can be
taken as a definition. We will start from one of them and state the other one in Proposi-
tion 8.2 but one should keep in mind that they are equally important.

Definition 8.1. A self-similar group G < Aut X* is called contracting if there exists a finite
set N' C G such that for each g € G there is level [ > 0 so that for all £ > [ we have g|, € N
for all v € X*. The minimal such set A is called the nucleus of G. Any finite subset of G
containing the nucleus is called quasinucleus.
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The second “definition” deals with the shortening of the lengths of sections of elements
while going deeper in the tree. If a group is generated by a set S, for each g € G let I(g)
denote the length of the shortest word in S U S~! representing g. If a group G < Aut X* is
generated by a self-similar set (i.e., automaton), then the sections of each element g € G are
again elements of GG, so we can compute the length of these sections and compare it to the
length of g.

Proposition 8.2 (Can be used as the second definition). A self-similar group G generated
by a self-similar generating set S is contracting if and only if there exist C' > 0 and level
N > 1 such that for any element g of G

lgl) < 5lle) + C

for each vertex v € XV,

Proof. (<) First of all note, that since the generating set S is self-similar, the length of the
sections is always not larger than the length of element according to equations (&) and (9)).

Suppose g € G is an arbitrary element represented by a word of length n. Then the
length of the sections of g at vertices of level N will be at most %n +C < nforn > 2C.
Thus, by going down the tree by N levels each time we can get to some level kN at which
the sections of g at all vertices will have length at most 2C. Since there is only finite number
of such elements, G must be contracting.

(=) Suppose that G is contracting with the nucleus N It is clear that for each individual
element g € G the lengths of sections will eventually go down to the length of the elements
of N. However, we need to prove that the length is decreased uniformly for all elements.

Let M denote the maximal length of elements in N. By contraction for each pair element
g € G of length up to 2M there exists some level N, such that the sections of g at the
vertices of this level belong to the nucleus. Let

N = N,
l(?)lg{M{ 2
be the level at which all the elements in G of length up to 2M contract to N.
Let now g be an arbitrary element of G of length n. We can write G as ¢ = ¢19293 - - - gk Gr+1
for k = |52 | and some g; € G such that {(g;) = 2M for 1 <i < k and I(gy41) < 2M. Each
of g;’s will contract to the nucleus at level N, so any section of ¢ at this level can be written

as gl, = hihg - - - hyy1 for some h; € N, and thus its length can be estimated as:

l
l(9|v>§(’f+1)M§(ﬁﬂ)M:ngM:%th.

8.2 Nucleus of a contracting group

The nucleus of a contracting group G can be easily described in terms of the group automaton
A(G). But first we introduce another important notion.
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Definition 8.3. Let S C Aut X* be a set of automorphisms of X*. The self-similar closure
of S is the set containing elements of S together with all the sections of all elements of S.

Proposition 8.4. Let G be a contracting group acting on X*. Then its nucleus is the self-
similar closure of the union of all cycles in A(G).

Proof. Let N denote the nucleus of G. If an element g € G belongs to some cycle in A(G),
then it will be the section of itself at some level N > 0. But in this case it will also be a
section of itself at each level kN for k > 1. Therefore each such element must be in the
nucleus since all elements, including ¢, must contract to N. Together with g by the same
reason all of its sections must be in the nucleus. So N’ must contain the self-similar closure
of all the cycles in A(G).

Conversely, if an element of GG is not a section of itself at some vertex, then by minimality
of N we cannot have g € N (otherwise N'—{g} would be a smaller set satisfying the definition
of the nucleus as everything that contracts to g will also contract to its sections). O

8.3 Solving the word problem in polynomial time

One of the main algorithmic motivations to consider the class of contracting groups is the
following theorem.

Theorem 8.5. Let G be a contracting group. Then there exists a polynomial (in the length
of the input word) time algorithm solving the word problem in G.

Proof. We will hide technical details under the rug here to underline the idea. The details
can be written out as an exercise. We will use the idea from the proof of Proposition 8.2

Let G be a contracting group generated by a finite set S with the nucleus N, and suppose
that M is the largest length of elements of A with respect to S. Consider the following
algorithm solving the word problem. Suppose we have a word w of length n in S U S~! and
we want to check whether w =1 in G or not.

Algorithm 8.6. Solving the word problem in contracting groups in polynomial time.
Step 1. Precompute the level N at which all elements of G up to length 2M contract to N.
Step 2. If g acts nontrivially on the N-th level, then return g # 1.

Step 3. Otherwise, write g as a product g = g192 - - - grgr+1 of elements of length up to 2M,
where k = LLJ .

2M

Step 4. According to the proof of Proposition [8.2, the sections of g at the vertices of level n
will have the length at most § + M, so we can repeat again from step 2 until we get
that all sections have length at most 2M .

Step 5. If all the obtained sections are trivial, then return g = 1.
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The number of sections that one gets in step 5 of the algorithm will be |X|V* where
k ~ log, n is the number of times the length was shortened until it reached 2M. Therefore,

the complexity can be roughly estimated as

log‘X‘nN
|X|Nk _ |X|Nlog2n _ |X|log2nN _ |X|W _ (nN)log2 IX| — 4V logs | X|

8.4 Contracting or noncontracting?

Now as we have good reasons to work with contracting groups, it is natural to ask whether we
can actually detect the contracting property. Unfortunately, as happens in most of the cases
in automaton groups, there is no known algorithm of verifying that a group is contracting or
noncontracting that always works (and no proof that no such algorithm exists). However, if
G is contracting, then there is a procedure that finds the nucleus of G thus proving the claim
that G is contracting. This procedure will never stop if G happens to be noncontracting,
unfortunately. On the other hand, there is quite an efficient procedure allowing us to prove
that the group is non-contracting. Similarly, this procedure will never stop if the group is
actually contracting. Unfortunately, it might not stop sometimes even if G is noncontracting.
Both of these procedures are implemented in AutomGrp package in functions FindNucleus
and IsNoncontracting, respectively.

To construct the procedure of finding the nucleus of contracting group we will use the
next proposition similar in spirit to Proposition 8.2l For a set of automorphisms A C Aut X*
and a set V' of vertices of X* we denote by A|y the set of all sections {al,: a € A,v € V'}.

Proposition 8.7 (Lemma 2.11.2 in [Nek05]). A self-similar group G with a generating set
S =571 1¢€ S is contracting if and only if there exists a finite set N and a number k > 0
such that

((SUN)?)|xr CN. (11)

Proof. If G is contracting, then all elements of G, including elements from (S U AN)? must
contract to A/. Conversely, if some finite set N satisfies the inclusion ([[I), then every element
g € G can be written in the form g = g192 - 9394 - - - Gon_1g2n for some g; € SUN (ie., g €
(SUN)?"), which implies that the sections of g at the vertices of X* will be in (A)". Applying
induction argument we deduce that there must be some m > 0 such that {g}|xm C A, which
implies that G is contracting with the nucleus containing in N . O

The above proposition can now be used to find the nucleus of a finitely generated con-
tracting self-similar group G. Indeed, we can apply the following procedure (we do not call
this procedure an algorithm since it will not stop in the case when G is non-contracting).

Procedure 8.8. Finding the nucleus of a contracting group.

Step 1. Start with a finite self-similar generating set S = S=1,1€ S of G.
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Step 2. For cach element st € S% check if there exists k such that (st)|x» C S. Since the length
of all sections of each element st € S? is bounded by 2, along each branch we will either
obtain an element of S, or mo later than at level |S|? + 1 get into a cycle obtaining
another elements s't' € S? such that s't' is a section of itself at some (nonroot) vertex.

Step 3. If we have that for any st € S? there is k such that (st)|xx C S, then by Proposition|[8.7
G is contracting with the nucleus containing in S (namely, the nucleus is the self-similar
closure of the union of all cycles of the automaton defining S by Proposition [8.7).

Step 4. Otherwise we will find an element s't’ that is a section of itself, so it (together with
its self-similar closure) belongs to a cycle in A(G) and must be in the nucleus by
Proposition 84 Therefore, we add the self-similar closure of s't' to S and start over
from Step 1.

In the case when G is contracting, this procedure will terminate since the nucleus is
finite and at each iteration of the procedure we find at least one element of it. If G is
noncontracting, the procedure will never stop and will try bigger and bigger generating sets.

Thus, if a self-similar group G happens to be contracting, we will be able to find its
nucleus and thus prove that it is indeed contracting. But how do we now check that G is
noncontracting? Unfortunately, there is no general answer to this question and most known
examples of non-contracting groups are shown to be noncontracting by the following method.

Proposition 8.9. Suppose a self-similar group G contains an element g for which there is
a vertex v € X* such that

1. g(v) = v,

2. glo=y,

3. g has infinite order.
Then G is noncontracting.

Proof. The first two conditions imply that (¢")|, = ¢", so g™ belongs to a cycle in the full
automaton A(G) of G. Since g has infinite order, the union of all cycles of A(G) is infinite
and by Proposition [84] the group G is noncontracting. O

Finding such an element ¢ and a vertex v is often a quite hard task, especially be-
cause there is no general algorithm that decides whether a given element of a group has
finite or infinite order. The partial procedure for search of such elements is implemented in
IsNoncontracting function in AutomGrp package.

Another class of groups which are known to be non-contracting are infinite groups gener-
ated by reversible automata (see, for example, [SV11] for definitions). These are the automata
in which every letter of the alphabet defines a permutation on the set of states (i.e., the func-
tions m,: Q — @, m.(q) = 7w(q, z) are bijections). However, it is often hard to algorithmically
determine whether a group from this class is infinite.

In the next subsection we will discuss several examples of contracting and noncontracting
groups.
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1 a b c d
11 (1,1) | (L, D)o | (a,¢) | (a,d) | (1,b)
al(L,D)o| (1,1) | (c,a)o | (d,a)o | (b,1)o
b| (a,c) | (a,0)0 | (1,1) | (1,0) | (a,d)
c| (a,d) | (a,d)o| (1,b) | (1,1) | (a,c)
d| (1,0) | (1,b)c | (a,d) | (a,c) | (1,1)

Table 1: Contracting table for the Grigorchuk group

8.5 Examples

Let us start from a trivial observation that all finite self-similar groups are contracting simply
by definition. Therefore, we will talk only about infinite groups below.

Adding Machine. Recall from example [3.4] that the adding machine is a group A = Z
generated by the automaton with the wreath recursion:

= (17 1)7
= (1> t)O’,

To check that it is contracting we start from the symmetric generating set S = {1,¢,¢t~'} con-
taining 1 and verify that the elements of S? contract to S. Indeed, since S% = {1,¢, ¢, 3 t72}
and the first three elements of S? are already in S, we only need to check this for t? and ¢=2.

The calculation
t* = (t,t),
t2 =t t),

shows that (5?)|x C S and, hence, A is contracting with the nucleus contained in S by
Proposition B.7l Since each element of S is contained is a section of itself, S coincides with
the nucleus of A.

Grigorchuk group. Similarly to the adding machine example, we will see that the Grig-
orchuk group G is contracting with the nucleus coinciding with the automaton generators.
Since the generators a, b, ¢, d are involutions, the set S = {1,a,b,c,d} is a symmetric gen-
erating set of G containing 1. The contraction of all elements of S? can be conveniently
recorded in the, so-called, contracting table shown in Table[Il This table serves as the proof
that Grigorchuk group is contracting with the nucleus S = {1, a, b, ¢, d}.

Basilica group. Another example of a contracting group is, so-called, Basilica group B. This
group is generated by a 3-state automaton shown in Figure 7?7 with the following wreath
recursion:

a = (b1)o,
b = (a,1),

We will study this group later in the text in connection to iterated monodromy groups.
Namely, it is isomorphic to the iterated monodromy group of a complex map z ++ 2% — 1,
whose Julia set resembles the St. Mark’s Basilica in Venice (this explains the name of the
group). Additionally, basilica group was the first example of an amenable, but not subexpo-
nentually amenable group.
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To find the nucleus we, as before, start from a symmetric generating set S

Figure 9: Automaton generating the basilica group

{1,a,b,a', b7} that contains the identity, and check whether S? contracts to S. Direct
calculations gathered in table below describing the sections of the elements from S? on the
second level show that all the pairs contract to S except a~'b and b~ 'a.

1 a b a! b1
T | LLL1 | oLt | bLLY | LLe L1 | Lo L1
a la,1,1,1] la,1,a,1] la,1,b,1] 1,1,1,1] la,1,1,07"]
b | 1,11 | [bald | bbL1] | bLa bl | [LLLI]
a1, 1,71 ] [1,1,1,1] | [1,1,a7tb, 1) | @t 1,a7 1) [ 1,1, 07
T [Lo L1 Lo e, L1]| LLLY |[[LoLa Ll b nohLl

But this table also shows that a~'b has itself as a section at vertex 10 and b~'a = (a='b)~!
has itself as a section at vertex 01. Therefore, if B is contracting, then both of these elements

must be in the nuclues by Proposition 84l According to Procedure 8.8 we add them to the
current set S and start the same process with the new set

Sy = {1,a,b,a” b7 a" b, b7 al.

This time we obtain the following table showing that all elements from S? contract to S; on
the second level, thus proving that B is contracting and the S; contains the nucleus of B.

1

-1

a b a p—1 a 1b b la
[1,1,1,1] la,1,1,1] [b,1,1,1] [1,1,a" 1, 1] [1,6=1,1,1] [1,1,a b, 1] [1,b"ta,1,1]
a la,1,1,1] la,1,a,1] la,1,b,1] [1,1,1,1] la,1,1,b~ 1] [b,1,1,1] la,1,1,b~ Ta]
b b,1,1,1] [b,a,1,1] [b,b,1,1] b,1,a 1, 1] [1,1,1,1] [b,1,a" 1b,1] la,1,1,1]
a T [1,1,a 1, 1] [1,1,1,1] [1,1,a b, 1] la T, 1,a"1,1] [1,1,a 1, b 1] la Tb,1,a 1 1] [1,1,a 5, b La]
b1 [1,6-1,1,1] | [1,b Ta,1,1] [1,1,1,1] 1,61, a1 1] BT, b1 1,1] 1,6~ 1, a"1b,1] b Ta, b 1,1,1]
a b | [1,1,a 16,1] | [1,1,a Tb,a] | [1,1,a 1b,b] | [a 1,1,a Tb,1] [1,1,a= 1, 1] [a=Tb,1,a 1b,1] [1,1,1,1]
b Ta 1,67 ta,1,1] | [1,6~ Ya,a,1] | [1,6~ Ta,b,1] 1,6 1,1,1] 1,67 Ta, 1,671 [1,1,1,1] 1,67 Ta, 1,67 1a]

Virtually Z3. In the next example we show using computer that some contracting groups
defined by automata with small number of states may have quite large nuclei. Consider a
group defined by the following wreath recursion:

= (b
(c,
= (a,
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In the classification of groups generated by 3-state automata over 2-letter alpha-
bet [BGK™08] it is shown that it contains a subgroup of finite index isomorphic to Z3.
Since in the mentioned classification it has number 752, we will denote it here by G755. The
following AutomGrp calculations show that G759 is contracting with the nucleus consisting of
41 elements. To illustrate the work of the Procedure 8.8 we use SetInfoLevel command in
GAP to produce more output describing intermediate calculations.

gap> G:=AutomatonGroup("a = (b,b)(1,2), b = (c,a), c=(a,a)");

<a, b, c>

gap> SetInfoLevel (InfoAutomGrp,3);

gap> GroupNucleus(G) ;

#I Trying generating set with 4 elements

#I Elements added: [ b*xa, cx*b, axc, axb, b*c, c*xa ]

#I Trying generating set with 10 elements

#I FElements added:[ cxbxa, akxcxb, b*axc, axb*a, bxaxb, axb*c, b*c*a, c*axb,
bxcxb, cxaxc ]

#I Trying generating set with 20 elements

#I Elements added: [ axcx*b*a, b*axcxb, axbxaxc, (b*a) 2, cxb*axb, axbxcxb,
bkxc*axc, ckxaxb*a, (axb)”2, bxaxbxc, axb*cxa, bxckaxb,
bxcxb*a, ckxaxcxb ]

#I Trying generating set with 34 elements

#I Elements added:[ axbxaxcxb, (b*a) " 2*c, c*(b*a) 2, akxcxbkaxb, b*akxckxb*a,
axbxcxb*a, bxckxakxcxb ]

#I Trying generating set with 41 elements

[ 1, a, b, c, bxa, c*b, axc, axb, b*c, c*a, cxb*a, axcxb,
bxaxc, axb*a, b*axb, axb*c, bxc*a, c*axb, b*cxb, c*axc,
axcxbxa, bxaxcxb, axbkaxc, (bkxa) 2, cxbkaxb, c*axb*a,
(a*b) "2, bxaxb*c, axbxc*a, b*c*axb, axb*cxb, b*xckaxc,
b*xcxb*a, ckakxcxb, axbkxaxcxb, (b*a) 2*c, cx(b*a)~2,
axcxbxaxb, bkaxckxbxa, axbkckxbxa, bkxckakxcxb ]

The lines starting with Elements added contain the elements that belong to cycles in

the automaton of the group and their sections. One such line is printed for each iteration
of Procedure R.§] (more precisely, every time an element that is in the cycle is found, the
procedure in AutomGrp adds it and its sections to the candidate for the nucleus and starts
the process over).
Noncontracting groups. We finish this subsection with two examples of noncontracting
groups. In both cases our main tool will be Proposition 8.9 In the first example we will take
a contracting Adding machine and will add one extra state to ruin the contraction. Consider
the extension of the lamplighter with the following wreath recursion:

= (L1),
t = (1,t)o,
s = (s,t).
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We already know from Example[3.4/that the generator ¢ of the adding machine has infinite
order. Since s" = (s",t") # 1 for n # 0 we immediately obtain that s also has infinite order.
Finally, since s(0) = 0 and s|y = s, all three conditions of Proposition are satisfied and
we deduce that this group is noncontracting.

For some noncontracing groups, however, it seems imperative to use a computer
to obtain the proof of noncontractness. For example, the group Gry from the (3,2)-
classification [BGK™08] has the following wreath recursion:

a =

=

C
b,

a,

),

),

).

The proof that this group is noncontracing can be generated by the Isnoncontracting

command in AutomGrp. As before, we use SetInfoLevel command to actually generate the
proof.

Q

(
(
(

IS

gap> G:=AutomatonGroup("a = (c,a)(1,2), b = (a,b), c=(b,a)");
<a, b, ¢c>
gap> SetInfoLevel (InfoAutomGrp,3);
gap> IsNoncontracting(G);
#I There are 37 elements of length up to 2
#I There are 187 elements of length up to 3
#I There are 937 elements of length up to 4
#I There are 4687 elements of length up to 5
#I Db*c"-1 is obtained from (axb*c*b™-1*a”-1%b"-1)"2
by taking sections and cyclic reductions at vertex [ 1, 1, 1, 1, 1, 1, 1, 1]
#I c*b"-1 is obtained from (bxc~-1)72
by taking sections and cyclic reductions at vertex [ 1, 1 ]
#I axbkcxb~-1*a~-1*b~-1 has axb*c*b~-1%a”-1%b"-1 as a section at vertex [ 1, 1, 1, 2 ]
true

The output above should be read as follows. The program is searching for an element g
satisfying the conditions of Proposition[8.9l It enumerates all elements of the group by length,
and for each element g searches (for a bounded depth) for a vertex v satisfying conditions
1 and 2. For each such occurrence it then tries to verify that g has infinite order. In the
example above the element g = abcb~ta~tb~1 satisfies g(0001) = 0001 and g|gpgo1 = g. The
last condition that ¢ has infinite order is verified by the “Order by sections” algorithm from
Theorem 611

Unfortunately, Proposition [8.9 has some limitations since the group must at least contain
elements of infinite order. Let us formulate the following open question.

Problem 8.10. Is it true that every periodic subgroup of Aut X* is contracting?
More generally, the answer to the following question would certainly be influential.

Problem 8.11. Find an algorithm deciding whether a given automaton group is contracting.
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8.6 Contracting groups have no free nonabelian subgroups

We would like to state a beautiful corollary from a result obtained by Nekrashevych in [Nek10]
regarding the free subgroups in groups acting faithfully on locally finite rooted trees.

Theorem 8.12 ([Nekl10]). Contracting groups do not contain free nonabelian subgroups.
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